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Abstract 

This is the logical foundation for for Relativity Theory, Probability Theory, and for 
Quantum Theory. Contents is the following: 

1 Introduction. 2 Classical logic. 3 Time and space. 3.1 Recorders. 3.2 Time. 3.3 
Space. 3.4 Relativity. 4. Probability. 4.1 B-functions. 4.2 Independent tests. 4.3 
Function of probability. 4.4 Conditional probability. 4.5 Classical probability 4.6 B- 
functions and classical propositional logic. 4.7 Consistency of the probability function. 
4.7.1 Nonstandard numbers. 4.7.2 Model. 5. Quantum theory. 5.1 Events and the 
moving equations. 5.2 Rotations of the x50x4 system and B-bosonn. 5.3 Masses. 5.4 
The one-mass states, particles and antiparticles. 5.5 The two-masses states. 5.5.1 Neu- 
trinno. 5.5.2 Electroweak transformations. 5.6 Rotations of the Cartesian coordinates 
system and quarrks. 5.7 Gustatory pentads. 5.8 Two events. 5.9 The dimension of 
physical space. 5.10 The events- probability interpretation of Quantum Theory. 6. 
Conclusion. 
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1 BBe^eHHe 

KaK Mbi 3HaeM, Bcaxaa (J)H3H^ecKafl Teopna coctoht h3 6a3HCHbix nonaTHii h 
nocTyjiaTOB h h3 aaKjiiOHeHHH, nojiy^enHMx h3 sthx 6a3HCHbix sjieMeHTOB KjiaccHHecKoii 
jiorHKoii. Mbi HMeeM nocjie^OBaTejibHOCTb Teopnii, h3 KOTopbix KajK^aa cjie^yioinafl 
o6'bflCHfleT npeflbi^ymyio no npaBHjiaM SToii jiophkh. To gctb 6a3HCHbie TepMHHbi 
H nocTyjiaTbi KayKflppL cjie^iyiomeH TeopnH 6ojiee jiornnHbi, nen 6a3HCHbie nonaTHfl h 
aKCHOMbi npe^bi^ymeii. H Kor^a sth 6a3HCHbie ajieMeHTbi TeopHH CTanyT a6cojiiOTHO 
jiorHHHbiMH, TO ecTb Kor^ia CTanyT TepMnnaMH h npaBHJiaMH KJiaccH^ecKofi jiophkh, 
Torfla TeopeTHHecKaa 4)H3HKa saKonnHTca, noTOMy ^to sto yjKe 6yfleT ne 4)H3HKa, a 
jiorHKa. IloxojKe, hto Taxafl CHTyaiina ne aa ropaMH. 

Co^epjKaHHe SToii pa6oTbi cjie^yromee: 

Bo BTopoii rjiaBe na ocHOBannH noHSTHa hcthhhocth ^ CTpoHTca BapnaHT 
nponosHiiHOHajibHoii jiofhkh c 6yjieB0H (J)yHKLi;Heii. 

B TpeTbeii rjiabe npocTpancTBeHHO-BpeMenHbie noHATHa h OTHomeHHH BbiBOflHTca 

H3 JIOrH^^eCKHX CBOHCTB HHCjjOpMailHH: 

BcflKafl HHcjjopMaLtHfl, nojiyHeHHaa ot 4)H3H^ecKoro npH6opa a, MOJKeT 6biTb 
BbipajKena mho^kgctbom a npefljioJKeHHii KaKoro-jiH6o fl3biKa. a nasbiBaeTCH penopdepoM 
npu6opa a. HexoTopbie CHCTeMbi peKop;i,epoB o6pa3yiOT CTpyxTypbi, noflo6Hbie HacaM. 
Cjie^yromHe pesyjibTaTbi nojiy^aiOTCfl h3 jiorHHecKHx cbohctb MHOJKecTBa pexop^epoB 

m 

Bo-nepBbix, Bce TaxHe Hacbi "H^yT b o^ny CTopony", T.e. ecjiH co6biTHe, Bbipa- 
jKaeMoe npe^iJiojKeHHeM A, npe^mecTByeT co6biTHK), BbipajKeHHOMy npe^jjiojKeHHeM B, 

no KaKHM-HH6y^b H3 3THX HaCOB, TO TaK JKB flJlR OCTajIbHblX. 

Bo-BTopbix, BpeMfl, onpe^ejieHHoe TaKHMH ^acaMH, oxasbiBaeTca Heo6paTHMbiM, 
T. e. HH oflHH peKop^ep ne mojkgt nojiy^HTb HH(J)opMaiiHio o tom, ^to KaKoe-jiH6o 
co6biTHe npoHSoniJio, jip Tex nop, noxa sto co6biTHe ^eiicTBHTejibHO ne npoH30H;ieT. 
TaKHM o6pa30M, hhkto ne MOJKeT BepnyTbca b nponijioe hjih nojiy^HTb HHcjaopMaiinio 
H3 6y^yLLi,ero. 

B TpeTbHx, MHOJKecTBO peKopflGpoB ecTecTBeHHbiM o6pa30M norpyjKaeTca b MeTpn- 
^ecKoe npocTpancTBo; t. e. Bce aKcnoMbi MeTpHnecKoro npocTpancTBa nojiynaroTCfl h3 
jiorHHecKHx CBoiicTB MHOJKecTBa peKopflepoB. 

B-^eTBepTbix, ecjiH sto MeTpHnecKoe npocTpancTBO OKajKeTca SBKjiHflOBbiM, to 
cooTBeTCTByiomee "npocTpancTBO-BpeMfl" pexopflepoB nofl^HHaeTCfl npeo6pa30BaHH5JM 
nojiHoii rpynnbi IlyaHKape. T. e. b stom cjiy^ae cneiinajibHafl Teopna OTHOCHTejibHOCTH 
cjie^iyeT h3 jiorHnecKHx cbohctb HHcjaopMaiiHH. Ecjih sto MeTpHnecKoe npocTpancTBO 
He 3bkjih;i,obo, to jiio6afl HejiHHeiiHaa reoMeTpna MOJKeT 6biTb ccjaopMyjinpoBana na 
npocTpancTBe pexopflepoB, h jiio6oii BapnanT o6iri;eii TeopHH OTHOCHTejibHOCTH mojkbt 
6biTb peajiH30BaH na stom npocTpancTBe. 
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B HeTBepToii rjiaee BBOflHTCfl noHiiTHe "co6biTHe" xax nonaTHe npono3HLi;HOHajibHOH 
jiorHKH. OnpeflejiHiOTCfl onepaijHH nafl co6biTHflMH h nonaTHe "(J)H3HHecKoe co6biTHe". 

B naparpa4)e 4.1 bboahtch noHHTne "B-cjayHKiinn" p], yflOBjieTBopfliomeii bcgm 

CBOHCTBaM KJiaCCHHeCKOii 4)yHKLI,HH BepOflTHOCTH. 

B naparpa4)e 4.2 fljia TaKHx 4)yHKLi,Hii ctpohtch cxeMa nesaBHCHMbix HcnbiTanHii h 
BbiBO^IHTCa 4)opMyjia BepnyjiJiH [T^- 

B naparpacjje 4.3 onpe^ejiaeTca noHflTne "P-4)yHKLi,HH", fljia KOTopofi BbiBO^iHTCH 
3aK0H BojibniHx Hnceji b 4)opMe BepnyjijiH. T.e. nojiyHaeTca (|)yHKi];Hfl, noflHHHflioma- 
flCfl BceM CBoiicTBaM KjiaccHHecKoii dj^ynKUfm BepoflTHOCTH h HMeiomafl CTaTHCTH^ecKHii 

CMblCJI. 

B naparpacjae 4.4 jijir TaKoii (J)yHKLi,HH onpe^ejiaeTCfl noHATHe "ycjiOBHoii BeposT- 
hocth". a h naparpacjje 4.5 - noHATHe "KJiaccH^ecKoii BepoflTHOCTn". 

B naparpa(J)e 4.6 ycTanaBJinBaeTCfl cbrsi, MejK^y BepoflTHOCTbro h KJiaccHHecKOH 
nponosHiiHOHajibHOH jiorHKoii. 

B naparpa(i)e 4.7 HeTBepToii rjiaBbi ctpohtch bbpchh HecTaH^apTHoro anajiHsa 
0, noflxoflamero fljia flOKasaTCJibCTBa HenpoTHBopeHHBOCTH BBeflCHHoro noHSTHfl 

4)yHKI];HH BepoflTHOCTH, H flOKaSblBaCTCfl 9Ta HenpOTHBOpeHHBOCTb. 

B HflTOH rjiaBC ocHOBHbie noHATHfl H cooTHomeHHfl KBanTOBoii TCopHH npe^CTaB- 

JlflHDTCfl KaK HOHflTHfl H OTHOmeHHfl TOH ^^aCTH TBOpHH BepOflTHOCTH, KOTOpafl OTHOCHTCfl 
K TOHB^HblM Co6bITHflM B HpOCTpaHCTBe-BpeMeHH I 

B naparpacjje 5.1 BepoflTHOCTH, CBfl3biBaiom,He TO^eHHbie co6biTHfl, BbipajKaiOTCfl 
CHHHopHbiMH (JjyHKUHflMH H onepumopaMU poDtcdeuun u yHUHmocHceHUJi eeposmmocmeu, 
aHajiorHHHbiMH nojiBBbiM onepaTopaM KBaHTOBoii TCopHH nojia. 3flecb jkb onpeflejiflCT- 

Cfl nOHflTHC KJIH4)4)OpflOBOrO MHOJKCCTBa MaTpHD;, B HaCTHOCTH - HOHflTHC JierKOH 
KJIh4)4)OP;IOBOH HeHTa^bl, HOHflTHe H,BeTHbIX H BKyCOBblX KJIHCjjcjjOp^OBblX HBHTa^^ , 
H ^Jlfl CHHHOpHblX 4)yHKD;HH HOJiy^aKJTCfl ypaBHeHHfl ^BHJKeHHfl B (J)opMe ypaBHeHHH 
/^HpaKa C flOnOJIHHTCJIbHblMH HOJIflMH, OflHH H3 KOTOpblX o6pa3yiOT MaCCOBbie ^JIBHbl, a 

flpyrHB BB^yT CB6fl xax KajiH6poBOHHbiB HOJifl. 

B ypaBHBHHB /Inpaxa bxo^at tojibko ^BTbipB sjiBMBHTa HBHTa^bi KjiH^xjaop^a. 

TpH H3 3THX 3JIBMBHT0B COOTBBTCTByiOT TpBM HpOCTpaHCTBBHHblM KOOpflHHaTaM, a 

^BTBepTaa - hjih o6pa3yeT MaccoBbiii hjibh, hjih cooTBeTCTByeT ^BTBepToii - BpeMenHoii 

- KOOp^HHaTB. 

Ho HBHTa^a KjIH4)4)Op;ia COflepjKHT HflTb SJIBMBHTOB. HoBH^IHMOMy BCTb CMblCJI 
flOHOJIHHTb ypaBHBHHB /jHpaKa BIHB OflHHM MaCCOBbIM ^JIBHOM C HflTblM 9JIBMBHT0M 

HBHTa^bi. To BCTb MaccoBafl HacTb ypaBHBHHfl /^npaKa 6yflBT coflcpjKaTb ^Ba ^jiBna. 

BOJIBB TOrO, BCJIH 3THM flByM MaCCOBbIM ^JIBHaM KJIHCjacjaOpflOBOii HBHTa^bl HOCTaBHTb 
B COOTBBTCTBHe ^BB ^JOHOJIHHTBJIbHblX KBaSHHpOCTpaHCTBBHHblX KOOp;i,HHaTbI, TO 
HOJiy^HTCfl OflHOpOflHOe ypaBHBHHB /l^HpaKa, B KOTOpOB BC6 HflTb 3JIBMBHTOB KJIHCjjcjjOp- 
;iOBOH HBHTa^bl H BCB HflTb HpOCTpaHCTBBHHblX KOOp^HHaT BXOflflT O^HHaKOBblM 

naparpa4>ax 5.2-5.6 paccijaTpHBaroTca ypasHeHHa flBHjKeHHa, coflepjKaniHe tojibko sjieMBHTti 
JierKOH neHTaflBi. TaKHe ypasHeHHa 3fleci> HasuBaroTca MenmoHHHUMU. 
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o6pa30M. B TaKOM naTHMepHOM npocTpancTBe Bce jiOKajibHbie CKopocTH no MOflyjiio 
pasHbi eflHHHiie. 

B naparpacjse 5.2 noKasano, ^to nepeonpe^ejieHHoe no^o6HbiM o6pa30M ypasHeHHe 
flBHJKeHHfl HHEapnaHTHO OTHOCHTejibHO noBopoTOB B 2-npocTpaHCTBe HeTBepToii H 
nflToii KOopflHHaT. 9to npeo6pa30BaHHe onpe^ejiaeT nojie, anajiornHHoe i?-6o30HHOMy 
nojiK). 

B naparpa(J)e 5.3 onpe^ejiaeTca noHflTne, cooTBeTCTByiomee KBanTOBO-TeopeTHHe- 

CKOMy nOHflTHK) Maccbi: 

Tax KaK BHa^eHHfl BepoflTHOCTeii ne onpe^ejiaiOTCfl a6cojiiOTHO TO^^HO, to flonojiHH- 
TejibHbie nojifl, o6pa3yioiri;He MaccoBbie ^jienbi npe^CTaBHMbi floCTaTO^HO tohkhmh 

CJIOflMH. A BejIH^HHbl TGX flByX npOCTpaHCTBeHHblX KOOpflHHaT, KOTOpbie BBOflflTCfl 
flJIfl OflHOpOflHOCTH MaCCOBblX HJieHOB, MOJKHO OrpaHH^HTb 6ojIbmHM ^HCJIOM 6e3 

orpaHHHeHHfl o6lli,hocth. B stom cjiy^ae cnexTp Mace nojiy^aeTca ;i,HCKpeTHbiM, h b 
KayKflppL TO^Ke 3+1 npocTpancTBa-BpeMeHH jih6o naxo^HTCfl tojibko ojxRa Macca, jih6o 
9Ta TO^Ka nycTaa. 

Macca npeflCTaBjiena KBa/ipaTHbiM kophcm h3 cyMMbi KBa^paTOB flByx ijejibix hhccji: 



H3 flByX MaCCOBblX HJICHOB ypaBHBHHfl flBHJKeHHfl. Ho 9T0 ypaBHBHHe HHBapHaHTHO 
OTHOCHTejibHO HOBOpOTOB B 2-npOCTpaHCTBe ^eTBepTOH H nSTOii KOOpflHHaTbl. To eCTb 

Macca caMa ^ojiJKna 6biTb BbipajKena HaTypajibHbiM hhcjiom, h HHCJia b MaccoBbix 
^jienax flOJiJKHbi ocTabaTbca ijejibiMH npn noBopoTax. 

CjieflOBaTCJibHO, Macca h cocTaBjiaioiuHe ee ^ncjia MaccoBbix hjichob ^ojiJKHbi 
cocTaBJiflTb nncjaaropoBy Tpofey {mo^riQ, sq) 0. S^ecb tuq nasbiBaeTCfl omvpM 
TpoHKH. IIpH noBopoTax B 2-npocTpaHCTBe HeTBepToii h nflTofi KOop;i,HHaTbi o^Ha 
nnc^DaropoBa TpoiiKa ^jojiJKHa saMenflTbCH na flpyryio c tbm see caMbiM otli,om. To 
ecTb fljia saflaHHoii to^hocth onpeflCJieHHa yrjia noBopoTa aojijkho cymecTBOBaTb Taxoe 
ceMeucmeo nu^zopoeux mpoen c o^hhm h tcm jkc otijom, hto npn noBopoTC na stot 
yroji OflHa TpoHxa ccMeiicTBa 3aMeHaeTCfl flpyroii TpoiiKoii h3 SToro jkc ccMeiicTBa. JIilr 
jiK)6oH TOHHOCTH onpe^ejieHHfl yrjiOB noBopoTOB b ^ajibHHx ^lacTHx naTypajibHoro pa;ia 
cymecTByHDT OTLi,bi, o6ecne^HBaiOLLi,He Taxyio tohhoctb. 51 nojiaraio, hto sth ceMeiicTBa 
nH(|)aropoBbix Tpoex cooTBCTCTByiOT ccMeiicTBaM ajieMCHTapHbix ^acTHD;. 

B naparpa(i)e 5.4 onepaTopbi pojKflenHfl h yHHHTOJKeHna ^acTHE; onpe^ejiaiOTca xax 
<I>ypbe-npeo6pa30BaHHH cooTBCTCTByioinHx onepaTopoB BcpoaTHOCTH, a aHTHHacTHiibi 
- CTaH^apTHbiM o6pa30M. 

B naparpacjje 5.5 paccMaTpHBaroTca Bce yHHTapnbie npeo6pa30BaHHfl na ^Byx- 
MaccoBbix (jjyHKiiHHx, coxpaHfliomHe 4-BeKTop Toxa BeposTHOCTH. Cpe^n TaxHx 
npeo6pa30BaHHH cctb cooTBCTCTByioiuHe 9JieKTpocjia6biM KajiH6poBO^HbiM oojiam. 
3th 3JieKTpocjia6bie yHHTapHbie npeo6pa30BaHHfl tojkb BbipajKaroTca noBopoTaMH 
B 2-npocTpaHCTBe ^eTBepToii h nHTofi npocTpancTBeHHbix KOop^HHaT. HacTHiibi, 
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anajiorHHHbie neiiTpHHO (HeumpuHHo), noflBjiaiOTCfl b pesyjibTaTe TaxHx npeo6pa30Ba- 
HHii. HeumpuHHO OKasfaiBaiOTCfl cymecTBeHHO CBflsannbiMH co cbohmh AenmoHuaMU. 

ypaBHeHHfl ^IBHJKeHHH HHBapHaHTHbl OTHOCHTejIbHO 3THX npeo6pa30BaHHH, H B 

pesyjibTaTe nojiyHaiOTCfl nojia, anajiorHHHbie W^-6o30HHbiM. Be3MaccoBoe nojie 

f/.,. = d^W, - d,W^ - [W^W, - W,W^) 

BBOflHTCfl o6bi^HbiM o6pa30M, HO npH pemeHHH ypaBHeHHfl Sfljiepa-JlarpaHJKa 
nojiy^aeTCfl, hto xota F^ ^, 6e3MaccoBoe, ero o6pa3yioniHe jiOKajibHO Be^yT ce6fl 
KaK MaccHBHbie nojifl. 

BesMaccoBoe nojie A h MaccHBHoe nojie Z onpeflejifliOTCH CTaH^apTHbiM o6pa30M no 
nojiaM B VI W . 

B Haparpa4)e 5.6 noKasano, ^to jienTOHHHoe ypaBHenne flBHJKeHHH HKBapnaHTHO 

OTHOCHTejIbHO HOBOpOTOB B 3-HpOCTpaHCTBe HepBblX o6bIT^HbIX HpOCTpaHCTBeHHblX 

KOopflHHaT H jiopeHn,eBbix HOBopo-TOB B 3+1 npocTpancTBe-BpeMeHH. ypaBHenna 
flBHJKeHHfl, cocTBjieHHbie sjieMGHTaMH iiBeTHbix HeHTafl, npH TaKHx HOBopoTax nepeMe- 
niHBaiOTCfl MejK^y co6ofl. To ecTb ^acTHLi;bi, cooTBeTCTByiomHe nenTa^aM pa3Hbix 
iIBeTOB, Hepas^ejiHMbi b npocTpancTBe h BpeMenn (KOH(J)aflHMeHT) . Taxnx HacTHu; b 
ceMeflcTBe ^Ba copTa no Tpn n,BeTa - Bcero mecTb. 51 Ha3biBaio hx KeappKciMU. 

B naparpa(J)e 5.7 H0Ka3aH0, ^to ^jia BKycoBbix nenia^ b HbiHeniHeii KBaHTOBoii 
Teopnn hgt npnMeneHHfl. 

B naparpa4)e 5.8 paccMaTpnBaeTCfl CHTyaiina c napofl TOHe^^HbIx coGmthh h etc. 

B naparpacjje 5.9 ycTanaBJiHBaeTca cooTBeTCTBne MejK^y jiHHeiiHbiM npocTpancTBOM 
coHHopoB H HopMnpoBannoH ajire6pofl c ^ejienneM n na ocHOBaHHH Teopen FypBHija 
H 'l>po6eHHyca jS], [2j oojiyHaeTca bmbo^ o pa3MepH0CTH npocTpancTBa TOHe^^nbix 

C06bITHH. 

B naparpa4)e 5.10 pasBHBaeTCfl n^efl (Bergson, Whitehead, Capek, Whipple jr. and 
J. Jeans ^) HHTepnpeTaD,HH KBanTOBofl Teopnn co6biTnflMn. 

2 KjiaccHHecKaa jiorHKa 

PaccMaTpnBaeM noBecTBOBaTejibnbie npe^jiojKennfl pyccKoro a3biKa. 

Onpe^ejieHHe 2.1.1 npe^jiojKenne <C 6 ^ ucmuHHO, ecjin n TOJibKO ecjin Q Q]. 
HanpnMep, npefljioJKenne -CH^eT ^ojKflb^ ncTnnno, ecjin n TOJibKO ecjin n^eT 

flOJKflb. 

Onpe^ejieHHe 2.1.2 Hpe^jio^jKenne <C 6 ^ aookho, ecjin n TOJibKO ecjin nebepno, 

HTO Q. 

Onpe^ejieHHe 2.1.3 XlpefljioJKenna Am B paenu (A ~ B), ecjin A ncTnnno, ecjin 
n TOJibKO ecjin B ncTnnno. 
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/lajiee a ncnojibsyio o6bi^Hbie noHATHa KjiaccHHecKoii nponosHiiHOHajibHoii jiophkh 

El. 

Onpe^ejieHHe 2.1.4 HpefljiojKeHHe C Ha3biBaeTCfl K0H'6KiHKU,ueu npe^jiojKeHHii A 
n B (C ~ (A&-B)), ecjiH C HCTHHHO, ecjiH h TOJibKO ecjiH A hcthhho, h B hcthhho. 

Onpe^ejieHHe 2.1.5 IlpefljioJKeHHe C HasbiBaeTCfl ompwuanueM npe^jioJKeHHfl A 

(C — {^A}), eCJIH C HCTHHHO, eCJIH H TOJibKO eCJIH A JIOJKHO. 

TeopeMa 2.1.1 

1) (AkA) = A; 

2) (A&B) = (BkA); 

3) (AkiBkC)) {{AkB)kC); 

4) ecjiH T HCTHHHoe Hpe^jiojKeHHe, to jijir KayKflpro Hpe^jiojKeHHfl A: (A&T) — A. 

5) ecjiH F jiojKHoe npe^jjiojKeHHe, to {ASzF) = F. 

^oKaaaTejibCTBo TeopeMbi 2.1.1: Hs OHpe^ejieHHfl 2.1.1, 2.1.2, 2.1.3, 2.1.4. □ 

Onpe^ejieHHe 2.1.6 KajK^aa (|)yHKH,Hfl g, OHpe^ejieHHaa b MHOJKecTBe npe^jiojKe- 
HHii, HMeroniaa o6jiacTb sna^eHHii na ;iByx-3JieMeHTH0M MHOJKecTBe {0; 1} nasbiBaeTCH 
6yjieeou (fjyHKV^ueu ecjin: 

1) i^A) = 1— g (A) fljifl KajKfloro npefljioJKGHHfl A; 

2) g (AkB) = g {A) ■ g (B) j^nsi Bcex Hpe^jiojKeHHii A ii B. 

Onpe^ejieHHe 2.1.7 MHOJKecTBO 3 npefljioJKeHHii nasbiBaeTCfl 6a3UCHUM MHoatce- 
cmeoM, ecjiH fljia KajK^oro sjieneHTa A SToro MHOJKecTBa cymecTByiOT 6yjieBbi (jjyHKiiHH 
Qi H g2, KOTopbie no^HHHfliOTCfl cjie^yioniHM ycjiOBHHM: 

1) gi (A) (A)- 

2) gi {B) — Q2 (B) fljifl KajKfloro sjieMenTa B MHOJKecTBa 3, TaKoro hto B ^ A. 

OnpeflejieHHe 2.1.8 MnojKecTBO [5] npe^jiojKeHHii HasbiBaeTca nponoaui^uoHaAb- 
HUM aaMUKUHueM MHOJKecTBa 3, ecjiH BbinojiHaroTCH cjie^iyromne ycjiOBHa: 

1) ecjiH y4 e 3, TO A e [3]; 

2) ecjiH ^ e [5], TO e [3]; 

3) ecjiH ^ e [5] H B e [3], to {AkB) e [5]; 

4) KpoMe nepeHHCJieHHbix nepBbiMH TpeMs nyHKTaMH SToro onpe^ejieHHH, HHKaKHx 
flpyrnx sjieMeHTOB MHOJKecTBa [3] hbt. 

B cjie^yiomeM TexcTe ajieMenTbi MHOJKecTBa [3] nasbiBaiOTca '^-npedjiooKenuaMU. 

Onpe^ejieHHe 2.1.9 3-npefljioJKeHHe A nasbiBaeTca maemojiozueu, ecjiH fljia Bcex 
6yjieBbix 4)yHKLi,HH g: 

siA) = 1. 
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Onpe^ejieHHe 2.1.10 JJu3-5mHKii,UM h uMnAUKaii,uji onpeflejiaiOTca o6biHHbiM 06- 
pasoM: 



Ilo STOMy onpeflejieHHK) h no Onpe^ejienHaM 2.1.4 h 2.1.5: 

(A V B) JIOJKHO, eCJIH H TOJIbKO eCJIH A JIOJKHO H B JIOJKHO. 
{A B) JIOJKHO, eCJIH H TOJIbKO eCJIH A HCTHHHO, a B JIOJKHO. 

Onpe^ejieHHe 2.1.11 9-npefljioJKeHHe nasbiBaeTca npono3uv,uoHaAbHou ancuo- 
Moil, [2], ecjiH 9T0 npefljioJKeHHe naxo^HTCfl b o^Hoii h3 cjie^yiomHx 4)opM: 



IlycTb 3 - HeKOTopoe 6a3HCHoe MHOJKecTBO. HnjKe a paccMaTpHBaio tojibko 
npe^jiojKeHHa. 

Onpe^ejieHHe 2.1.12 Hpe^iJiojKeHHe B nojiyiaeTCfl h3 npe^jioiKeHHii {A^ B) h 
A no jiorn^ecKOMy npaBHjiy modus ponens. 

Onpe^ejieHHe 2.1.13 [2j IlocjieflOBaTejibHOCTb Ai, A2, ■ ■ ■ , An npe^jioJKeHHii na- 
sbiBaeTCfl nponoawquoHUAbHUM eueodoM npe^iJiojKennH A h3 cnncKa rnnoTes T 
(o6o3HaHeHHe: T \- A), ecjin A„ = A n ^jia Bcex ^nceji I {I < I < n): Ai ecTb 
jih6o nponoBHiiHOHajibHafl axcnoMa, jih6o Ai oojiyHaeTca h3 KaKHx-jinGo npefljioJKennn 
Ai-k H Ai-s no modus ponens, jih6o Ai g T. 

Onpe^ejieHHe 2.1.14 XlpefljioJKenne naabiBaeTCH nponoawnuoHUAbHO doKuayeMUM 
npe^jiojKeHHeM, ecjin sto npe^jiojKeHne ecTb npono3HLi,HOHajibHaa axcHOMa hjih sto 
npe^jiojKeHHe nojiyiaeTCfl h3 npono3Hn,HOHajibHO fl0Ka3yeMbix npe^iJio^Kennn no modus 
ponens. 

CjieflOBaTejibHO, ecjin A npono3HD;HOHajibHO ^OKasyeMO, to cymecTByeT nponosn- 

n,HOHajIbHbIH BblBOfl BH^a: 



TeopeMa 2.1.2 [2| Ecjih npefljioJKenne A npono3HD;HOHajibHO ^oxasyeMO, to ^jia 
Bcex 6yjieBbix 4)yHKD;Hii g: g (A) — 1. 

^OKasaTCJiBCTBO TeopeMbi 2.1.2: On 

TeopeMa 2.1.3 (TeopeMa o nojiHOTe) ^ Bee TaBTOJiornn npono3Hn;HOHajibHO 
flOKasyeMbi. 

^OKasaTejiBCTBO TeopeMBi 2.1.3: [5] □ 




{^{Aki^B))). 



(A^B) 



AI. {A^{B^ A)); 

A2. {{A ^{B^ C)) ^ {{A ^B)^{A^ C))); 
A3. iii^B) ^ i^A)) iii^B) ^A)^ B)). 



h A. 
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3 BpeMa h npocTpancTBO 



3.1 PeKop^epbi 

Hn^jopMaiiHa, nojiy^aeMafl ot 4)H3HHecKHx npH6opoB, MOJKeT 6biTb BbipajKena 

TeKCTOM, COCTaBJieHHbIM nOBeCTBOBaTejIbHblMH npe^IJIOJKeHHHMH. 

IlycTb a - KaKoii-jiH6o oGieKT, cnoco6Hbra npHHHMaTb, coxpanaTb h/hjih nepe^a- 
BaTb HHcjjopMaiiHio ilOj. MHOJKecTBO a npefljiojKeHHii, BbipajKaiomHx HHcjjopMaiiHio 
o6'beKTa a, nasbiBaeTCH penopdepoM SToro o6T3eKTa. T.e. BbipajKeHne: ^ IlpefljiojKeHHe 
^ j4 3> ecTb sjieMBHT MHOJKecTBa a. ^ osHai^aeT: <C a HMeeT HHtjjopMaiiHio o tom, hto 
npoHSoniJio co6biTHe, BbipajKaeMoe npefljiojKeHneM <C ^ ^ . 2>. Hjih Kopo^e: <C a 
3HaeT, HTO A. Hjih no o6o3Ha^eHHio: <C a* <C A 

0^^eBHflHO, BbinojiHfliOTCfl cjie^yioiuHe ycjiOBHs: 

I. ^Ji-H JiK)6oro a h ^jjih xajK^ioro A: neBepHO, hto a* T.e. hh Oflfm 
peKop^ep He co^epjKHT jiorn^ecKoro npoTHBopenHfl. 

II. JXjisi KajKfloro a, ^jih jiio6oro -B h ^jia Bcex A: ecjiH B cjie^yeT h3 A, h a* A, to 
a'B. 

*III. ^Jifl Bcex a, 6 H ^jih Kaac^oro A: ecm a* ^ b'A to a' A. 

HanpHMep, ecjin npH6op a HMeeT HH(J)opMaLi,HK) o tom, ^to npH6op b HMeeT 
HH(J)opMaLi,Hio o TOM, HTO Macca HacTHH,bi ^ paBHa 7, TO npH6op a HMeeT HH4)opMau,Hio 
o TOM, T^TO Macca nacTHiibi ^ pabna 7. 

3.2 BpeMa 

PaccMaTpHBaeM Kone^Hbie (bosmojkho - nycTbie) nocjie^OBaTejibHOCTH chmbojiob THna: 
qV 

Onpe^ejieHHe 3.2.1 HocjieflOBaTejibHOCTb a ecTb nodnocjiedoeameAbHocmb nocjie- 
flOBaTCJibHOCTH (3 {a -< [3), ccjih a mojkct 6biTb nojiyHena h3 /3 BbnepKHBaHHCM 

HBKOTOpblX (b03M0JKH0 - BCex) SJieMCHTOB. 

06o3HaHHM: (a)^ ecTb a, h (a)^'^^ ecTb a{a)^ . 
HosTOMy, ecjiH fc < Z, to [af^ -< (a)'. 

Onpe^ejieHHe 3.2.2 IIocjie^OBaTejibHOCTb a dKeueaAeHmua nocjie^jOBaTejibHOCTH 
(3 {a ^ (3), ecjiH a MOJKeT 6biTb nojiy^ena h3 (3 saMenoH no^jnocjieflOBaTejibHOCTH THna 
(a*)*' nocjiCflOBa-TejibHOCTbio Taxoro jkc Tnna ((a*)"). 

B 3T0M cjiynae: 

III. EcjiH (3 < a HJIH j3 ^ a, TO pjin jno6oro K: 
ecjiH a'/C, TO a* {Kk {a A (3 A)). 



10 



0^^eBHflHO, III ecTb yTOHHeHne ycjiOBHa *III. 

Onpe^ejieHHe 3.2.3 Hhcjio q ecTb MOMemn, b KOTopbra a perHCTpnpyeT B 
— HttcoM {go, A, bo} (o6o3Ha^eHHe: q ecTb [sl'B "f a, {go, A, bo}]), ecjin: 

1. AJifl jiio6oro K: ecjin a'K, to a* {Kk {a'B ^ a* (g^bj)' g'^)) h 
a* (a* (gjb*)''+i g- A =^ a-s) ) . 

2.7.1. a- (a-B& (-a* (g5b5)'+i g;;^) ) . 
JleMMa 3.2.1 Ecjih 

q ecTb [a'aS t a, {go. A, bo}] , 
p ecTb [a'^B t a, {go. A, bo}] , 

TO 

q<p- 

^OKasaTCJibCTBo: Hs 

a-((a-/3S)&(^a-(g-b-)(^+^)gS^)). 
OTCiOfla H H3 lO no III: 

a* ((a*/3B& (-a* (g^b*)(^+^) gj^)) & (a*/?i3 ^ a'ai?)) . 

OTCiOfla no II: 

a- (a-aS& (^a* (g-b-)^"^'' sS^)) • 

OTCiOfla H H3 10: 

a- ((a'aSfe (-a' (gjb')(^+i) gJA)) &(a*ai3 ^ a* (g-b*)^g5A)) . 

OTCiOfla no II: 
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a- ((^a- (gJb-)(^+^) glA) &a- (g'oh'.r S^^a) (4) 
EcjiH q > p, T.e. (7 > p + 1, TO H3 1^1 no III: 




((^a- (gSb^)(^+i) gSA) &a- (g^b^)" gSA) & \ 
(a- (g5bS)'gSA ^ a- (gSb5)(^+i) gS^) J ■ 



OTCiOfla no II: 

a- ((^a- (g;;b-)(^+i) s',a) &a- (gSbS)(^+i' gj^) , 
9to npoTHBopenHT ycjiOBnio I. HoaTOMy, q < p a 

H3 JleMMbi 3.2.1 nenocpe^iCTBeHHO cjie^iyeT, ^^to ecjin q ecTb [a*B f a, {go, ^, bo}], 
H p ecTb [a*_B t a, {go, A, bo}], to g = p. HosTOMy, BbipajKenne ^ q ecTb 
[a*_B { a, {go, A, bo}] ^ SKBHBajienTHO BbipajKennio ^ q = [a*i? t a, {go, ^, bo}] 

Onpe^ejieHHe 3.2.4 K-^acbi {gi,i3,bi} n {g2,i3,b2} HMewT oduHUKoeoe uanpae- 
Aenue ^Jia a, ecjin BbinojiHaeTCfl cjie/iyiomee ycjiOBne: 

ecjiH 

r = [a*(gIbI)«gt5ra,{g2,B,b2}], 
s= [a* (gjb^f gti3Ta,{g2,B,b2}], 

q<p, 

TO 

r < s. 

TeopeMa 3.2.1 Bee k— ^^acbi HMeiOT o;i,HHaKOBoe nanpaBJieHne. 
^OKasaTejiBCTBo: IlycTb 

r =^[a*(g-b*)«gti3Ta,{g2,S,b2}], 
s'^^[a-(g*b*f gti?ta,{g2,i?,b2}], 

q<p. 

B 3T0M cjiynae: 
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(g^b-)' < (g-bl> 



IlosTOMy no JleMMe 3.2.1: 



r < sa 



CjieflOBaTejibHO, peKop^ep ynopaflOHHsaeT cboh npefljiojKenHH no MOMenTaM. 
npnneM, stot nopaflOK jiKHennbin n He saBHCHT ot Toro, no KOTopbiM k— ^acaM oh 
ycTanoBjien. 

OnpeflejieHHe 3.2.5 k— nacbi {g2, B, b k paa mouHee k— ^^acoB {gi, B, bi} ^jia 
peKop^epa a, ecjiH ^jia xajK^ioro C BbinojinaeTCfl cjie;iyiom,ee ycjiOBne: 

ecjiH 



gi = [a*CTa,{gi,E,bi}], 
92 = [a*CTa,{g2,i?,b2}], 



TO 



gi < f < gi + 1. 



JleMMa 3.2.2 Ecjih ^jih Ka:ac^oro n: 



qn-l < — < qn-1 + 1 



(5) 



TO pflfl 




oo 



CXO;i,HTCfl. 



^OKaaaTejibCTBo: Hs 



< (?„ - qn~lkn 



CjieflOBaTejibHO, pafl Ij3.2ll snaKonojioJKHTejibHbiii n MajKopnpyeTCfl paflOM 




cxo^IHMOCTb KOToporo sjieMeHTapHO npoBepaeTCfl npnsHaKOM ;i,'AjiaM6epa □ 
Onpe^ejieHHHe 3.2.6 IlocjieflOBaTejibHOCTb H k— ^^acoB: 
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({go, A, bo}, {gi,A,b2},...,{gj,A,bj}, ... ) 



HasbiBaeTCfl a6cojimmHO mouHUMU K—nacaMU pexop^epa a, ecjiH fljia KajK^oro j 
cymecTByeT naTypajibHoe hhcjio kj, Taxoe hto k— ^acM {gj,A,hj} b kj pas TO^nee 
At— HacoB {gj-i, A,hj_i}. 

B 3T0M cjiyHae ecjiH 

g,-[a*CTa,{g„Ab,}], 



TO 



JleMMa 3.2.3 Ecjih 



ki ■ k2 ■ ■■■ ■ kj' 



t ecTb a'C ^ a,H 



^ fci • fc2 • ... • kj 

J=l J 



(6) 



a — do 



fci ■ ko ■ ■■■ ■ kj 



(7) 



dn~l < < dn-1 + 1, 



TO ecjiH qn ^ dm TO q < d. 
^0Ka3aTejibCTB0 HacTH^Hafl cyMMa pfl^a 

, g„-i?„-ifc„ 



V« - go -1- -I- ^^^^^^^2 ^ 

Q«=go + |t-go + l?|;-|7 



ki k2---ku 



kik2---ku-i ' 
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AnajiorHT^HO, T^acTHi^Haa cyMMa pa^a JJjl: 



Dn = 



d, 



Cjie;i,OBaTejibHO, h3 ycjiOBHH JleMMbi: Q„ < I?„ □ 



JleMMa 3.2.4 Ecjih 



q ecTb a'aC t a, _ff , 



d ecTb a*/3C t a, , h 



a ^ /3, TO 



q<d 



/l^oKasaTejibCTBO nojiyHaeTca cpa3y h3 Jlemm 3.2.1 h 3.2.3 □ 

AnajiorH^HO, - ecjiH a ^ fi, to q — d. 

3.3 IlpOCTpaHCTBO 

OnpeflejieHHe 3.3.1 Hhcjio t nasbiBaeTCfl epcMeneM, usMepeuHUM peKopdepoM a 
no nacuM H, aa Komopoe cuznaji C npomeji nymb nocjiedoeamejibHocmu a'aa* 
(o6o3HaHeHHe 



^OKasaTCJiBCTBO cpasy cjie^yeT h3 JleMMbi 3.2.4 n 

TaKHM o6pa30M, jiio6oii "cHrnaji", "nocjiaHHbm" peKop^epoM, "BepneTca" k Heny 
He paHbine, ^gm 6biji "nocjian". 

Onpe^ejieHHe 3.3.2 




ecjiH 



t ~ a*aa*C t a, 



a*Cta,i/ . 



Teopema 3.3.1 
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1) JXjisi KajKfloro peKop/iepa a: (a*)^ = 

2) fljia Bcex nocjieflOBaTejiBHOCTeii a n (3: {ajS)^ = (/3)^ (o^)^- 

Onpe^ejieHHe 3.3.3 MnojKecTBO 3? peKop^epoB ecTb ewympeHHe HenodeuatcHan 
cucmeMa fljia peKop^epa a c k— nacaMH H (o6o3HaHeHHe: 5i ecTb ISS ^a,H^), ecjiH 
fljiH Bcex npefljiTOKeHHii i? h C, ^jia Bcex ajieneHTOB ai h a2 MHOxecTBa h fljia 
Bcex nocjTe7i;oBaTejifaHOCTeii a, o6pa30BaHHbix sjieMeHTaMH MHOxecTBa 3?, BbinojiHaioTCH 
cjie/iyiOTUHe vcjiobhh: 

1) [a'a^aJC ^ sl, h] - [a'a^C 1 sl,H = 
= a'alalB T a, ^1 - [a*aJB T a, #1 ; 

2) J (aif) (a'aa'C) = j (ai?) (a'ata'C). 
Teopema 3.3.2 



{a} - ISS (a, . 



/],OKa3aTejii>CTBO 

1) T.K. a* ~ a* a*, to no JleMMe 3.2.4: ecjiH o6o3HaHHTb: 



def 
P = 

def 

r = 



def 



a'a'B T a,H 
a*a*a*BTa,iI 
a'a'CTa,^ 
a*a*a*Cta,iJ 



TO q = p m s = r. IlosTOMy q — p = s — r. 

2) T.K. J11060H pHfl a, cocTaBjieHHbiii h3 sjieMeHTOB MHOxecTBa {a}, coBna^aeT c 



a' TO 



J (aij) (a'aa'C) = j (aij) (a'ata'C). □ 
JleMMa 3.3.1 Ecjih {a, ai,a2} ecTb 755 (a, Tf), 



TO 



a*a5aJa^CTa,i7 



a'a'Cl a,H 



a*a>^aJBta,i? - a'a^Bta.i? 
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^oKasaTejibCTBo 06o3HaHHM: 



def 
P = 








def 

q = 


a'aJa'alB t 


SL,H 


def 

r = 


a'a^CTa,^ 






def 
S = 


a'a'a'a'C | 


3i,H 


def 
U = 


a'a^a^B ] a.,H 




def 
W = 


a'a'a'C \ a.,H 





OTCiofla no Onpe^ejieHHio 3.3.3: 

u — p = s — w,w — r = q — u. 

OTCio^ia: 

s-r = q-pu 

Onpe^ejieHHe 3.3.4 aH{B)-Mepou peKopflepoB ai h a2 (o6o3HaHeHHe: 
l{a.,H,B^ (ai,a2)) HasbisaeTCH hhcjio: 

£(a,ff,s) (ai,a2) = 0.5- ( a'aJa^aJ^B t a,if - a*aJSta,.ff) 

JleMMa 3.3.2 Ecjih {a, ai,a2} - ISS ^a, iJ^ , to fljia scex B m C: 

£(a,i?,B) (ai,a2) =^(a,H,c) (ai.aa). 
^OKasaTejiBCTBO 06o3HaHHM: 



ief 



def 



def 



def 



def 



a'alB T a,H 
a'aJa'ajB t a,if 
a'a^C t a,i/ 
a'a^a^ajCTa,;? 
a'a^aJS t a,H 



def m » m ^ tt 

w = a a2aiG \ a,H 
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OTCiOfla no OnpeflejieHHio 3.3.3: 

u — p = w — r,q — u = s — w. 

OTCiOfla: 

q-p = s-r.a 

HosTOMy MO>KHO HHcaTb BMecTo: -C £(^a., H , (ai,a2) ^ - "^i £(^a,H^ (ai,a2) 
TeopeMa 3.3.3: Ecjih {a,ai,a2,a3} ecTb ISS (^a,H^, to: 

1) e(a,H^ (ai,a2) >0; 

2) f(a,#) (ai,ai)=0; 

3) e(a,H^ (ai,a2) =^(a,i?) (a2,ai); 

4) e(a,H^ (ai,a2)+£(a,if) (a2,a3) >^(a,7j) (ai,a3). 

^OKasaTCJiBCTBO 1) H 2) npHMO cjieflyKDT H3 JleMMbi 3.2.4, a 3) - h3 JleMMbi 3.3.2. 
06o3HaHHM: 



def 
P = 

def 

Q = 

def 



def 



def 
U = 



a*a\C]a,H 
a'a![alalC ] a,H 
a*a>^a^C ] a,H 
a'a'a'C ] a,H 

a*aialala\B^a,H 

a a^a2a3a2a^C \ a^H 



OTCiOfla no OnpeflejieHHio 3.3.3: 



HoaTOMy 



w — u = q — s, 



w - p = {q ~ p) + {u - s) . 
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H no JleMMe 3.2.4: 



w > r. 



CjieflOBaTejibHo: 



{q~ p) + (u- s) > r - Pa 



TaKHM o6pa30M, Bce neTBipe aKCHOMBi MCTpHHecKoro npocTpancTBa |17) 
BbinojiHaioTca ^jih £^a.,H^ bo BHyTpeHHe HenoflBHXCHoii CHCTeMe peKop^e- 

poB. Cjie^OBaTejibHO, £(a, _ff ] nrpaeT pojib fljiHHbi paccToanHfl b stom npocTpancTBe. 



OnpeflejieHHe 3.3.5 MHOJKecTBO pexopflepoB 3? eupoomdeHO e Jiyn abi u moHKy 
ai, ecjiH HafifleTCfl C, fljia KOToporo BbinojiHfliOTCfl ycjiOBHs: 

1) /Iji-h J11060H nocjie^OBaTejibHOCTH a, cocTBjieHHoii h3 sjieMenTOB MHOJKecTBa 3?, h 
fljifl jiio6oro K: ecjin a'if , to 



2) CymecTByeT nocjie^iOBaTejibHOCTb /?, cocTaBJieHHafl h3 sjieMenTOB MHOKecTBa 3?, 
H npe^jioJKeHHe S Taxne, hto a* (/^b'C&S') h neBepHO, ^to a* (/Ja'b'C&S") 

^ajiee paccMaTpHBaeM TOJibKO neBbipojK^ieHHbie MHOJKecTBa peKop^epoB. 

OnpeflejieHHe 3.3.6 B npoH3omjio b oduoM Mecme c ai ^jia a (o6o3Ha- 
^eHHe:l5(a) (ai,i?)), ecjin fljiR KajK^OH nocjieflOBaTejibHOCTH a h ^jih jiK)6oro npe^jiG- 
jKeHHa K BbinojiHHeTCfl cjie^yromee ycjiOBne: 

ecjiH a*K, TO a* {Kk [aB ^ aa*B)) 

TeopeMa 3.3.4 




a* {Kk (aa'C ab'a'C)). 



^(a) (ai,a^B). 



^OKasaTejiBCTBO T.k. aa* ^ aa*a*, to no III: ecjin a* if, to 



a^ {Kk (aa^B aata'B))^ 



TeopeMa 3.3.5 Ecjin 



^(a) (ai,B), 



(8) 



^(a) (a2,B), 



(9) 
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TO 



Ua) (a2,a*i3). 
^oKa3aTejibCTBo IlycTfa a* K . B stom CJIy^^ae h3 (EJ: 



a* & (aa'B ^ aa'a'B)) , 



H3 ©: 



a* {{Kk (aa'B ^ aa'a'^)) & (aa'a'-B ^ aa'a'a'B)) , 

OTCiofla no II: 



a* (Kk {aalB aa'a'a'B)) 



OTCiOfla no III: 



a* {{Kk {aa'^B ^ aa>^a^B)) & (aa^a^a^B aa^a^B)) , 
OTCiofla no II: 

a* (Kk (aa'B ^ aa'a'B))^ 

JleMMa 3.3.3 Ecjih 

Ua) (ai,i?), 
t = a'aB t a, if 

TO 



t = a'aalB ] a,H 



^oKaaaTejibCTBo 06o3HanHM: 



t/=^[a*ai?ta,{g„Ab,}] 



IlosTOMy: 
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a- (a-«B& (^a-(g-b-)*^+'g;A)), 

H H3 ifTTHl : 

a* ((a*aB& (-a* (g*b*)*^+' g'^)) & {a'aB ^ a'aa'B) 

OTCiofla no II: 

a' (a'aalBk (-a* (g;b;)*^+' g'A 
IlycTb a*K. B stom cjiy^ae h3 llllll : 

a* (a'aS ^ a* (g'b*)*^ g'^A 

HosTOMy no III: 

a* (a'aB a* (g*b*)*^ g'^) j & (a*aa*B ^ a'aS)) 

OTCiOfla no II: 

a' (X& (a'aa-B ^ a* (g'b*)*^ g'^)) . 

OTCiofla H H3 IjlOII : 

a* ((Xfe (a* (g;b;)*^+^ g'A => a'as)) & (a'aB ^ a'aa'B) 

OTCiOfla no II: 

a* (X& (a* (g;b;)*^+' g'A ^ a'aa'B 
OTCio^ia H H3 Ijl2ll . ^jifl Bcex j: 

tj = [a'aalB t a, {gj, ^, b^}] . 

Cjie^IOBaTejibHO, 
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t = a'aalB t a, iJ 

TeopeMa 3.3.6 Ecjih {a,ai,a2} - ISS (a, 

^(a) (ai,i3), 



(14) 



^(a) (a2,i?), 



(15) 



£(a,i/) (ai,a2) = 0. 
^OKasaTejiBCTBO 06o3HaHHM: 



t la'B t a, H 



OTCiofla no JleMMe 3.3.3: 
H3 ifTill : 



CHOBa H3 



t = a'a\B ] a,H 



t = a'a^a^B ] a,H 



t = a'a'a'a'B T a, iJ 



Cjie^IOBaTejibHo: 

^(a,if) (ai,a2) = 0.5-(t-i) = 0n 

TeopeMa 3.3.7 Ecjih {ai,a2,a3} - ISs(^a,H^ h cymecTByeT npefljioaceHHe i? 
TaKoe, HTo: 
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1(a) (ai,i?), 



1(a) (a2,i?), 



TO 



£(a,ij) (a3,a2) = ^(a,ij) (a3,ai). 
^oKasaTejibCTBo Ilo TeopeMe 3.3.6 h3 (I16|I h Ijl7|l : 

^(a,i/) (ai,a2) = 0; 

no TeopeMe 3.3.3: 

£(a,i?) (ai,a2)+^(a,i?) (a2, ag) > ^ (a, i?) (ai,a3), 
no3TOMy H3 (11811 : 



^ a,i/ (a2,a3) >qa,i/ (ai,a3) 



T.e., no TeopeMe 3.3.3: 



H3 



(a,i?) (a3,a2) >^(a,i/) (ai,a3). 



(a, if) (a3,ai)+£(a,i/) (ai, a2) > £ (a, i/) (a3,a2) 



OTCiOfla H H3 ifTflll : 



^ a,i7 (a3,ai) >^ a,i7 (a3,a2) 



(a,ij) (a3,ai) -£(a,if) (a3,a2) 



(16) 
(17) 



(18) 



(19) 



Onpe^ejieHHe 3.3.7 BemecTBeHHoe ^hcjio t ecTb MOMenT npefljioJKeHHsi B b 



cucmeMe omcHema 



(^SiH^ (o6o3Ha^^eHHe: t — B \ ^a.H ), ecjin 
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1) - ISS \^a,Hj, 

2) HafifleTCfl peKop^ep b TaKoii, ^to: b e 5R h 1] (a) (b, S)), 



3) t = 



a'B t a, i? 



^(a,if) (a,b). 



JleMMa 3.3.4 



a'B T a, = a'B \ ^aH . 



^OKasaTejibCTBO IlycTb 5R - ISS [a,H], ai e h 



no TeopeMe 3.3.4: 



(a) (ai,a*B) 



(20) 



Ua) (a, a'B) 

OTCiofla H H3 Ij20p no TeopeMe 3.3.6: 

^(a,i7) (a,ai) 



= 0, 



no3TOMy 



a'B I SRai/ 



a'B'ia,H -£ [a, H ) {a, ai) = a'B]a,H 



Onpe^ejieHHe 3.3.8 BemecTBeHHoe ^hcjio z gctb dAuna paccmosmusi MejK^y B h 
C B CHCTeMG OTCTGTa {^aH^ (o6o3HaHeHHe: z — I {^aH^ {B,C), gcjih 



1) ^- ISS a,H 



2) cymecTByiOT peKop^epbi ai h a2 TaxHe, ^^To: ai e 3?, a2 G 3?, t] (a) (ai, B)) h 
^(a) (a2,C)), 



3) z^£[a,Hj (a2,ai). 

Hs TeopeMbi 3.3.3: TaKaa fljinna paccToaHHa nofl^HHaeTca BceM aKCHOMRM 
MGTpHHecKoro npocTpaHCTBa. 
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3.4 OTHOCHTejIbHOCTb 



OnpeflejieHHe 3.4.1 PeKop^epbi ai h a2 oduuaKoeo npuHUMamm cuznaji o B, ^jih 
peKop^epa a, ecjiH 

< tl (a) (a2,a^B) > = < l] (a) {ai,a^B) >. 

OnpeflejieHHe 3.4.2 MnojKecTBO pexopflepoB HasbisaeM odHopoduuM npocm- 
pancmeoM penopdepoe, ecjin see ero ajieMenTbi oflHHaKOBO npHHHMaiOT Bce CHrnajibi. 

Onpe^ejieHHe 3.4.3 BemecTBenHoe ^hcjio c ecTb CKopocmb pacnpocmpaneHUM, 
UHifiopMaViUU o B K peKopflepy ai b CHCTene OTCHeTa ( 3?a7? I ecjiH 



£(5Raff)(S,a*S) 
~ [a'B|SRaH]-[B|sRaH] " 

TeopeMa 3.4.1 Bo Bcex oflHopoflHbix npocTpancTBax: 

c= 1. 



^oKa3aTejibCTBo IlycTb c - CKopocTb pacnpocTpaHeHHfl HH(J)opMaiiHH o B k 
peKop^epy ai b CHCTeMe OTCHeTa ^3?aiJ^ . T.e.: ecjiH 

3? ecTb ISS (a, , 



z'^= i(?itaH) {B,a\B), 



, def 

U — 



def 



B I ^aH 
a'S I •>R.aH 



TO 



t2~h 



Hs II21II : cymecTByiOT ajieMGHTbi bi h b2 MHOJKecTBa 3? TaKne, hto: 



(21) 
(22) 
(23) 

(24) 



^(a) (bi,5) 



1(a) (b2,a*B) 



(25) 
(26) 
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z = ^(a,i/) (bi,b2). (27) 
Hs (I22II H Ij23|l : cymecTByiOT sjieMeHTbi b'j^ h b2 MHoacecTBa 3? Taxne, hto: 



ti = 



a'B ] &,H 



a'a'^B 1; a,H 



(a,ij) (a,b'i), 
£(a,H) (a,b^; 



H3 (ED, (EH, (EHl no TeopeMe 3.3.7: 

^(a,if) (a,bi) =^(a,i7) (a,b;). 
AnajiorH^HO m ll29ll : 

^(a,i/) (a,b2) =^(a,ff) (a,^). 
H3 (EOl, (EHl, <E2ll no JleMMe 3.3.3: 

ti = a*b*Bta,if - ^ (^a, if^ (a, bi). 
Hs (EEl no JleMMe 3.3.3: 



rio JleMMe 3.2.4: 



H3 (E 



a*a^Bta,iJ = a*b^a^Bta,i? 



a'b'a'B ] a,H > a'b'S ] a,H 



(28) 
(29) 
(30) 
(31) 

(32) 

(33) 

(34) 

(35) 

(36) 



Ka) (a2,b'S) 



OTCiOfla no JleMMe 3.3.3: 
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a'a'h'B ^ a, H = a'h'B ] a,H 

CnoBa no JIgmmg 3.2.4: 

a'a^hlB t a, .ff 1 > [a'a^B a,H 

OTCMfla H H3 lEIl, (El: 

a'a^B T a, if] > [a'b^S t a, .ffj > [a'a^B ^ a,H 

nosTOMy 



a'a'S ] a,H = a'b'B t a, 



OTCiOAa H H3 Ipni , : 

OTCiOfla H H3 Ij25|l no JleMMe 3.3.3: 



(a,H) (a,b2). 



t2 = 



a*b2b*Bta,iJ - t {a, {a^) ■ 



(37) 



(38) 



06o3HanHM: 



def 



^dej 



W 



def 



def 



def 



def 
P = 

def 



a'C ] a,H 
a'b^a'C t a, iJ 
a'b^a'C ]a,H 
a'b'b'a'C ] a,H 
a'b^b^a'C ] a,H 
a'b'b'b'a'C ] a,H 
a'b^b^b^a'C ] a,H 



T.K. 3? - ISS 



(a,i7), 



(39) 
(40) 
(41) 
(42) 

(43) 



TO 
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q-w=p-j, 



(44) 



H H3 ((SHI, 601, 621: 

(t2 + I (a, if) (a, b2)) - (ii + ^ (a, i?) (a, bi)) = j - d, 

no3TOMy 

i2 - = J - d - ^ (a, i?) (a, ba) + £ (a, i?) (a, bi). 
H3 (jSni, 601, mil no JleMMe 3.2.4: 



(45) 



a, iJ j (a, ba) = 0.5- (w - m) , £ (^a, j (a, bi) = 0.5- (d-u). 
OTCiofla H H3 611 , 63 , 6BI : 

t2 - ti = 0.5 • ((j - d) + (.7 - w)) = 0.5 • (j - d + p - j) = 0.5 • (p - d) , 
Hs 63, 601, (Elll: 



z = 0.5 • (p - d) . 



(46) 



CjieflOBaTejibHO, 



Z = t2 - <1 □ 



TeopeMa 3.4.2 Ecjih 3? - o^Hopo^Hoe npocTpancTBO, to 



aJB I 3fJaiJ > B \ ^aH . 



^oKaaaTejibCTBo nojiyHaeTca cpaay hb TeopeMbi 3.4.1 □ 

CjieflOBaTejibHO, b jik)6om o/],hopo/],hom npocTpancTBe jiio6oh peKop/],ep 
y3HaeT o tom, hto npoHsomjio B He paHBine, hgm i? npoHSOH^eT. BpeMM 
Heo6pamuMO. 

TeopeMa 3.4.3 Ecjih ai h a2 - sjieMeHTbi 3?, 



28 



- ISS (a, ) , 

def 



P 

def 

q = 



a\B I SRaiJ 
a'a'B I ^aH 

=-^^(5Rai/) (ai,a2 



TO 



z = q-p. 

^oKaaaTejibCTBo Ho Teopene 3.4.1 h3 (UTIi . lll8|l . ififljl : 



g - p = ^ 5Rai? (a'B, a'a^B) , 



T.e. no OnpeflejieHHK) 3.3.8 b 3? naiiflyTCH bi h b2 TaKne, 



(a) (bi,a^S) 



1(a) (b2,a*a*B), 



q-p = e(naH'^ (bi,b2). 
KpoMe Toro, no TeopeMe 3.3.4 

^(a) (a*,a*B), 
^(a) (a*,a*atB). 

OTCiOfla H H3 if^Tll no TeopeMe 3.3.7: 

£ (3?a7j) (bi, ba) = £ (a^ai?) (bi, aa) 



no TeopeMe 3.3.3: 



(3?ai/) (bi, aa) - £ (jHaH^ (as, bi 
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CnoBa no TeopeMe 



3.3.7 H3 JSl, ISni: 



(3?ai/) (a2,bi) 




(55) 



CnoBa no Teopene 



3.3.3: 



(3?a/f) (a2,ai) 




OTCiofla H H3 lf55ll . 



(3?ai/) (bi,b2) 



i {^&H^ (aia2) 



□ 



Ho TeopeMe ypbicona ^|: jno6oe o^Hopo^iHoe npocTpancTBO roMeoMopcJjHO 
HeKTopoMy MHOJKecTBy TQT^eK BeniecTBennoro rHJib6epToro npocTpancTBa. Ecjih 
9T0T roMeoMop(i)H3M ne flBjiaeTCfl TOMc^ecTBennbiM npeo6pa30BaHHeM, to 6yfleT 
npe^CTaBjiaTb nesBRjin^OBO npocTpancTBO. B stom cjiy^ae b TaxoM "npocTpancTBe- 
BpeMenn" mojkgt 6biTb CKoncTpynpoBan cooTBeTCTByromHii BapnanT o6iri;eH TeopHH 

OTHOCHTejIbHOCTH. B npOTHBHOM CJiy^ae 3? eCTb 3BKJIH;I0B0 npOCTpanCTBO. B 3T0M 

cjiynae cym,ecTByeT cucmeMU Koopdunam R^, jiJia KOTopoii BbinojinaeTca cjie^yroniee 
ycjiOBne: 

fljifl Bcex sjieMenTOB ai n a2 MHO»cecTBa 3? cymecTByiOT tohkh xi h X2 cncTeMbi 
TaKHe, HTo: 



B 9T0M cjiynae i?^ Ha3biBaeTca cucmeMou KoopduHam cucmeMU omcuema ( 3ffaff 



a nncjia {xk,i,Xk,2, ■ ■ ■ , Xk,fj.) - KoopdunamaMU penopdepa a^ b i?''. 

CHCTeMa KOOpflHHaT CHCTGMbl OTCHGTa Onpe^ejIGHa C TOHHOCTbK) pfi 

npeo6pa30BaHHH c^BHra, noBopoTa h HHBepcHH. 

Onpe^ejieHHe 3.4.4 Hncjia {xi,X2t ■ ■ ,x^) nasbiBaroTCH KoopdunamaMU B e 
cucmeMe Koopdunam R^ cucmeMU omcuema {^a.H^ , bcjih cymecTByeT pexopflep b, 
fiflsi KOToporo: b G 3?, t] (a) (b, B) h KOop^iHHaTaMH SToro peKop^iepa b R^ flBJiaroTCH 

9TH ^HCJia. 



TeopeMa 3.4.4 B KOop^nnaTHoii CHCTene i?'' cncTeMbi OTCTeia \^a.Hj : ecjin z - 
fljiHHa paccToaHHfl MejK^y B vi C, KOop^nnaTbi B ecTb (6i, 62, 6n)i KOop^nnaTbi C 

eCTb (Cl, C2, C3), TO 
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^0Ka3aTejibCTB0 nojiyHaeTca cpasy h3 Onpe^ejienHa 3.4.4 □ 

OnpeflejieHHe 3.4.5 Hncjia (a;i, X2, . . . , x^) HasbiBaroTca KoopdunamaMU penop- 
depa b e cucmcMe KoopdunaM e MOMeum t cucmeMU omcHema ^5Rai/^ , ecjiH jiiia 
KajKfloro B BbinojinaeTCfl ycjiOBne: 



ecjiH t = 



h'B I SRai? 

KOOpflHHaT CHCTeMbI OTCHBTa ^SRaT? j . 

JleMMa 3.4.1 Ecjih 



, TO <C b*_B HMeeT KoopflHHaTbi {xi,X2, ■ ■ ■ ^x^) b CHCTeMe 



t"^ [b*Ctb,{go,i?,bo}], 

p [a-b- (gjb*)^ g'i? T a, {gi, ^, bi}] 



def 



a-b* (g-b-)^+^g-i3ta,{gi,Abi} 



TO 



t^^ [a*b*C7ta,{gi,Abi}] 



P<t< q. 



^OKa3aTejIbCTBO 

1) H3 

a- (a-b- (gSbS)^+^ g^Sfe (^a- (glb-)^^^ g'.A 

T.K. H3 ijSSl: 

(b- (g-b-r+ig'B^b-c 

TO H3 Il6fl|l no II: 

a* (a'b'Cfe (-a* {glhl)''+' g'.A 
OTCiOfla no II t.k. h3 (I59II : 



(56) 
(57) 
(58) 

(59) 



)) • (60) 
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TO 



a- (a- {glhl f glAk (^a- {^1^)"+' g^)) . (61) 
EcjiH t > q, TO t > q + 1. Cjie^iOBaTejibHO no III h3 16111 : 

a- (a- (gtbl)'+i glAk (^a- {glhl^^' gj^) 



HTO npoTHBopeHHT I. Cjie^jOBaTejibHO, t < q. 
2) Hs 

a- (a*b-C& (-a* iglh',Y+' g* a) ) . (62) 

T.K. H3 

TO H3 ll62|l no II: 

a- (a-b- (g-b-)- g-S& f^a- (g^bD^+i g'^)) . (63) 



T.K. H3 

(a'b- (gSbS)^ gji? ^ a* (glb^)'' gM), 

TO no II H3 l(fi3jl : 

a* (a* (g*K)^gtA& (-a* (gtb*)*+i g^ a) ) . (64) 
EcjiH p > t, TO p > t + 1. B 3T0M cjiynae h3 (I64II no III: 

a* (a* (gtb*)*+i g*A& (-a- (gIb-)*+i gj^)) , 

HTO npoTHBopenHT I. Cjie^iOBaTejibHO, p < t \j 

TeopeMa 3.4.5 B KOopflHHaTHoii cncTeMe cncTeMbi otctstb (^aH^ : ecjin 

B KajKflbiii MOMGHT ti KOopflHHaTbi (v - KaKoe-HH6yflb BemecTBennoe nojioJKHTejibnoe 
^HCJio, fljifl KOToporo \v\ < 1): 

b: {xh,i + v - t, Xb,2, a;b,3, • ■ • , Xb,p.); 
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go: (a;o,i + V ■ t,XQ^2,xo.3, ■ ■ ■ ,a;o,^); 
bo: (a;o,i + v ■ t,xoa + 2:0,3, ■ • ■ , a^o.^); h 
tc = [b'C I 5Ra# 

to ^ h'D I ^aH 

qc = [b*Ctb,{go,Abo}]; 
QD - [b'7^tb,{go,A,bo}], 

TO 

I 



'-0 ^(1 - ■y2) - 



1. 



^OKaSaTCJIBCTBO 06o3HaHHM: 



tl 



def 



def 



, def 
13 — 



i4 



def 



b* (go-bo*)*^ go's I 3?aij 
b* (go*boT+'go*S|3?a# 
(go'bo*)'^ go*i?|5Rai7] , 
(go*bo*)^^+'go-i?|5RaiJ 



B 3T0M cjiynae KOop^HHaTbi: 



< b* (go*bo*)''^ go's >: (xb,! + V ■ ii, a;b,2, x^.a, ■ ■ ■ , a;b,A.) 

< b* (go'bo*)''''^^ go's >: (xb,! + V ■ ^2, a:b,2, 2:b,3, ■ • ■ , a^b, 

< (go'bo*)''^ go*S >: (.Toa + w • ta, a;o,2, 2:0,3, • ■ • , a^o,^) , 

< (go'bo*)'^'*'^ go*S >: (a:o,i + w • ^4, 2:0,2, 2:0,3, • ■ • , a:o,^) , 

< b*C >: (.Tb,! + v- tc, Xh,2, Xh,3, • ■ • , Xb,^) . 

no TeopeMe 3.4.1 h JleMMe 3.3.4 hs (EH), JESI), IZOIl, lEHJ: 



a'b* (go'bo*)^^ go's I 3fiai/ 
a'b' (go'bo*)^^ go'BU,H 



tl + 



EM 2 
J+2 



0.5 
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a'b* (go*bo*)'^+' B I ^aH 
a'b* (go-bo*)^^+'BTa,i/' 



J=2 -^bj 



t2 + (Ki +i;t2)VE: 
OTcro^a no JleMMe 3.4.1: 



< t2 + (a;b,i + Wt2)^ + ^ 
V J=2 



0.5 



0.5 



0.5 



0.5 



vh ~ Xb,i - vti) + Y^j^2 i^o,j - Xb,j] 



0.5 



, 0.5 



(74) 



no TeopeMG 3.4.1 h3 (EU, (EZJ, (El, IZHl: 

H3 (EEl, (EHl, IZni), IZSi: 

^2=^4+ ((a;o,i + i'^4 - Xb,i - vt2f + J2j=2 {^o,j - a^bj)^) 
OTCiofla: 

(^1 - ^3)^ = v'^ {h - hf' - 2w {h - h) {xo,i - Xbs) + J2j=2 (^0,3 ~ ^b,jf , 
{t2 ~ Uf = v"^ {t2 - t^f - 2v {t2 - U) (a;o,i - Xb,i) + J2j=2 (^Oj - Xbjf- 

CjieflOBaTejibHO, 



06o3HanHM: 



def 



t2 — — ti — t^. 



bo* (go'bo*)'^ So'B I SRaiJ 



(75) 



(76) 



B 3T0M cjiynae KOop^nnaTbi: 
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< bo* (go*bo*)''^ go'B >: (a;o,i + v-t5, xo^2 + I, xo,3, • ■ ■ , xq^^ 
OTCiOfla H H3 l|nZl, (|Zil no TeopeMe 3.4.1: 



/ 2 2 u 2\°'^ 

is - ^3 = ( (a;o,i + I'is - 2:0.1 - vh) + ixo.2 + I - 2^0.2) + Y.j=3 i^o.j - xo,j) 1 , 



T.e.: 



AnajiorH'qHO, h3 f?^ : 

t4 — ^5 



t5-i3 = ^=i==. (77) 



OTCiofla H H3 ifTTIl : 

2/ 

t4 — H 



^^^^ 

Tor^a H3 iTtHI : 

2Z 



^^^^ 

CjieflOBaTejibHO, h3 Ij74|l : 



0.5 



0.5 



< + I (a;h,i + vtcf + X! 



i=2 



21 If ( . 2/ ^ ^ ^ " 



0.5 



Hjih, ecjiH Z ^ 0, TO t2 — > ii, H 
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0.5N 



lim 



'b.J 



V 



= tc+\ [xbA+vtcf + 

i=2 



J=2 



T.K. npH < 1 (JjyHKIIHfl 



0.5 



f{t)= t+i {Xb^^+vtf +J2■ 



j=2 



MOHOTOHHa, TO 



T.e. 



AnajiorH^HO, 



lim 

/— 



limii = tc, 

1^0 



lim 



b* (go'bo*)^" go'B I 5Rai7 

rio Teopene 3.4.1 h no ll65ll h ||66|| : 



= tD. 



(78) 



(79) 



b*(go*bo*)^°go*i?|5Rai/ - h' {go'ho')'^ go'B \ diaH 
21 



2' {qo - qc) 



OTCiOAa H H3 ijJHl H (113 : 



lim ''Jl^SR^ ^ yiT^^ 
1^0 to - tc 
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Cjie^cTBHe H3 TeopeMbi 3.4.5: Ecjih o6o3HaHHTb: qj^ = qd n Qc ~ 1C fl-na 

U = 0, TO 



Y\m2l 



Id - Qc 



■*o to - tc 



T.e.: 



lim 



qo - qc 



-0 gg - g^* 



HjIH flJIfl a6cOJIK)THO-TOHHbIX HacoB: 



^st St _ qp - qc 
qD - qc - u o D 



B KaXflblH MOMeHT 



CjieflOBaTejibHO, flBHJKymHecfl co CKopocTbio v k— Hacbi "n^yT" b (l — ii^) " ° pas 
MefljieHHee, hgm noKoainHecH. 

TeopeMa 3.4.6 IlycTb: v (\v\ < 1) h / - BemecTBeHHbie HHCJia, a ki - naTypajibHbie. 
IlycTb B KOopflHHaTHoii CHCTeMe R'^ CHCTeMbi OTcneTa (^blH^ : 

t KOOpflHHaTbi: 

b: {xb,i + v-t,Xb^2,Xb,3,...,Xb,i^), 
Sj- {yjA +v-t, yj,2, yj,3, 2/j>) , 
uj: +v-t, yj,2 +1/ {ki- ...-kj), yj^s, yj,ix), 
fljifl Bcex bi: ecjiH bi € SJ, to KoopflHHaTbi 

bi • ~\~ V ' ^z,2 ; ^i,3 ) • * • ; Xi^i_i) , 

f ecTb ({gi,A,ui}, {g2,A,U2} ,...,{gj,A,Uj} , ... ). 
B 3T0M cjiynae: - ISS (h, f ) . 
^OKaaaTejiBCTBO 
1) 06o3HaHHM: 



def 
P = 


h'hlB t b,r 


; 


def 

q = 


b'b^b^S T b,r 


def 

r = 


b*bJCtb,T 




def 
S = 


b*b^bJCtb,T 
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def 



, def- 

t "^^ 



def 



h'h\B\ ^blH 
h'hlhlB I ^aH 
b'b'C I ^SiH 
b'b^b^B I ^slH 



Ho Cjie^CTBHHD H3 TeopeMbi 3.4.5: 



g — p 

f — f — 

V 1 — w 

.s — r 



Hs ()8()I83|I KOopflHHaTbi: 



(80) 
(81) 
(82) 
(83) 



(84) 
(85) 



< b'b'i? >: {xb,i + vtp, Xb,2, Xb,3, ■ ■ ■ , Xb,^,) , 

< b'bab'B >: (xbs + vtq, Xb,2,Xb,3, ■ • ■ , Xb,f^) , 



(86) 



< b'b'C >: {xb,i + vtr,Xb,2,Xb,3, ■ • • , Xb,^l) , 

< b'bab'C >: {xb,i + vts, Xb,2, Xb,3, ■ ■ ■ , Xb,^j) 



(87) 



06o3HaHHM: 



, def 
tl — 



t2 



def 



hlB I ^aH 
b'C I naH 



(88) 
(89) 



Torfla KOopflHHaTbi: 



< b*i? >: (a;i,i + vti,xi^2,xi^3, .. ., xi^^) , 

< b*C >: {xi^i + wi2, a;i,2, a;i,3, • ■ • , a^i./x) • 



no Teopene 3.4.1 hf; (IsTIi. ll89ll. ll82|: 



38 



tr -t2 ^ {Xb,l + Vtr - Xl^l - Vt2f + ^ (xbj - Xl,. 

AnajiorH'qHO, h3 (|HE1), IHHI), P^ : 



CjieflOBaTejibHO, 



tr — t2 — tp — ti. 



06o3HaHHM: 



t3 



def 



def 



ba'KC I naH 



OTCiofla KoopflHHaTbi: 



< b2*b*S >: {X2,l + Vt3„X2,2,X2,3, • • ■ , X2,f_t) 

< b2*b*C >: (2:2,1 + Vt4, X2,2, X2,3, . . . , X2,i_t) 



Uo Teopene 3.4.1: 



ta - ii = [ {x2,i + vts - - vtif + ^ (a;2j - xi, 
/ 2 

J=2 



OTCiOfla: 



ts — ti — tl ~ t2- 
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H anajiorHT^Ho: 



H3 (EU, (ES, 

OTCiOfla H H3 ijHU , IHil : 

2) 06o3Ha^^HM: 



tq ^3 — t4. 



tq tp tg tf . 



q — p — s — r. 



def 



def 



I def 

r = 



h'C t b,T 
h'ah'C T b,r 
h'a^h'C t b,f 



3flecb: a ecTb b'ba . . . bj^bj^^^ . . . bj^. 

Tor^a no Onpe^jejieHHio 3.3.1: 



r I 



06o3HaHHM: 



, def 

to — 

h = 

def 



t2 



tk 



def 



tk+1 

' * * 5 

, def 

In = 



J (br) {h'ah'C) 
j(hf) (b'a^b'C) =r'-p'. 



h'C I diaH 
b'b'C I 3?aiJ 
b^btb'C I SRaiJ 

b;^...b*b*b*C I SRai/ 

bk+ibk-..b*b*b*C I 3?aiJ 



bN • ■ • bk+ibk • • • b'blb'C | 5Rai? 



tN+i ''^ fb'a^b'C I ^aH 
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Torfla H3 ycjiOBHa TeopeMbi KOop^HnaTbi: 



< h'C >: {xb^i + vto,Xb,2,Xb,3, • ■ • , Xb,f^) , 

< b'b'C >: {xi,i + vti,xi^2,xi,3, . . • ,a;i,^) , 

< bab'b'C >: (2:2,1 + wt2, 2:2,2, X2,3, ■ ■ ■ , 3:2,/..) , 

* * * ; 

< bk • • • bjb'b'C >: {xk,i + vtk, Xk,2, Xk,3, ■ ■ ■ , Xk,^) , 

K+ibk • • -bab'b'C >: (0:^+1,1 + vtk+i,Xk+ia,Xk+i,3, ■ ■ ■ ,2:fc+i,^) 

* * * 5 

< bjj • • • bk^ibk • • • bab'b'C >: {xn,i + vIn, xn,2,xn.,3, XN.,fj.) , 

< b*a'''b*C >: {xn+i,i + vtN+i, xn+i,2, xn+i,3, ■ ■ ■ ,XN+i,fj.) ■ 

OTCiofla H H3 l(9fi)l no Teopene 3.4.1: 



ti-to= + vti - Xb,i - vto f + ^ {xi^j - Xbj) 



0.5 

2 



J=2 

0.5 

2 



^2 - tl = I (3:2,1 + Vt2 - Xi,i - Vtif + ^ (X2,j - Xi,j) 

J=2 



- tfc I (xfe+1,1 + vtk+i - Xks - vtkf' + ^ (a:fc+i,j - Xk^j) 

J=2 



0.5 

2 



tN+i - <w = I (-1:6,1 + i^tw+1 - 2:^,1 - wijv)^ + ^ (a^b,^ - a:Ar,j) 

J=2 

EcjiH o6o3HaHHTb: 



0.5 

2 



Pa,b = 2^ (a;b,l - Xa.l) 



TO ^jifl KajK^ioro k: 



V 1 . . , 



2 „.2Y^/„ „ \2 



J=2 
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OTCiOfla: 



tN+l — to 
( 

1 



0.5 



0.5 



V 



AnajiorHT^HO, ecjiH o6o3Ha^^HTb: 



j=2 i^k+lj - Xkjf 



0.5 



TjV+1 



b'ab'C I 5Rai7 



TO 



tn+1 — to — 

( 

1 



1 



E^=2 (S^NJ -2^6,i)' 



0.5 



y + Y.k=l {pl+i,k - Ej=2 (^^fej - a;fc+i,j)' 



0.5 



T.e. 



tN+l — to ~ Tjy+l ~ to- (97) 

Ilo Teopene 3.4.5: 

TN+l -to^ H ijv+1 - ^0 = 

OTCiOfla H H3 l|nZ|l, (EH, 

J (bf) (b'ab'C) = J (bf) (h'a^h'C). 

OTCio^ia H H3 Ij93ll no OnpeflejienHKi 3.3.3: 3 - ISS (h, □ 

CjieflOBaTejibHO, BHyTpeHHaa HenoflBHJKHOCTb coxpanaeTca b npaMOJiHHeiiHOM 

paBHOMepHOM flBHJKeHHH. 

TeopeMa 3.4.7 
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IlycTb: 

1) B KoopflHHaTHoii CHCTeMe cncTeMM OTcneTa ^Jftaif^ b Kax^biii MOMenT t 

b : (xb,! + v - t, Xb,2,a;b,3, • • ■,Xh,ti), 

gj: +v-t, yj,2, yj,3, yj,ti), 

uj: +v-t, yj,2 +l/{ki-...-kj), y^- 3, . • • , Vj,^), 

fljifl KajK^oro peKopflepa qi: ecjiH € 3, to KOopflHHaTbi 

Qi : + v-t,Xi^2,Xi^3,...,Xi^f,), 

f ecTb ({gi,^,ui}, {g2,A,U2},...,{gj,A,Uj}, ... ). 

C : (Ci,C2,C3,...,C^), 

D : {DuD2,D3,...,D^), 

tc 



to 



C I Kafl- 
D I SRa# 



2) B Koop7i;HiiaTiioH CHCieMe R'^' cncTeMbi OTCHeTa ^SbT^ : 

. / /^f /^i /^i r^i \ 

o . {yi, 02,03, . . . , o^y, 
£>: {D[,D'2,D's,...,D'^), 

t'n 



C I S>bT 

£> I 3bT 
B 3T0M cjiynae: 



=(tD - tcf - (£>! - Crf - {D2 - - ... - (2?^ - C^f . 



/^OKaaaTejibCTBO 

06o3HaHHM: 



0.5 



Ho Onpe^ejieHHio 3.3.8 cymecTByroT sjieMeHTbi qc h qu MHOxecTBa TaKHe, 

^(b) (qc,C)), ^(b) {ciD,D) 
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'(9br)(C,£))=^(b,T)(qc,qz?) 



B 3T0M cjiyHae: 





c 


QbT 






QbT 




D 


9bf 






Qbf 



Ho CjieflCTBHKD H3 TeopeMbi 3.4.5: 



06o3HaHHM: 









c 




= tc 




^aH 




D 


^aH 


= tD 



def 
Tl = 

def 
T2 = 

. def 
tl = 



t2 



def 



def 



def 



. def 
15 = 



def 



b'C t b,T 
h'D t b,f 
b*C I 5Ra# 
b*£> I 'Ran 
h'B I 3?aif 
q^b'S I RaH 
b'q^b'B I RaH 
q^q^b'B | RaH 
q^q^q^b'S | RaH 



. def 
17 = 

ts=^ b*q^q^q^b*i? I Sail 



IlpH 3THX o6o3HaHeHHflx: 

ts-tr = t5- t4, T.e.: ts - = - t4, h 
e (sSbf ) (C, D) = 0.5 ( b*qJ;q^q^b*B T b, f - b'q^b'B T b, f 
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i (Sbr) (C, D) = 0.5 (is - h) = 0.5 - U) VT^, 

{ty - = [xcs + Vtj - Xd,1 - Vtef + J2j=2 i^'Cj - XDjf, 

{te - tif = (XD,1 + VU - XC,1 - Vt^f + J2'i=2 i^CJ - XDjf, 



T.e.: 



{tr - Uf = {t7 - tef + 2v {xc,i - xd,i) {tj - h) + p\c,^n ' 

(^6 - Uf = (ie - Uf + 2v {xD,i - xc,i) (ie - U) + pI^,^^- 

OTCiofla: 

*7 - i4 = (v^ iXD,l - Xc,lf + (1 - V'') P^^,q^)°''. 

06o3HaHHM: 

(X 0.5 

IlpH TaKOM o6o3HaHeHHH: 



(sbT^ (C, £1) 



T.K. 

Ci = xc,i + vtc, Di = xd,i + vto, 

Cj+i = Xc,j+1, Dj+i = XD,j+l, 

TO 

_ / {Di - VtD - Ci + vtcf 



T.e.: 



-Rqcqo = I v'' [to - tcf - 2v (to - tc) (£>! - Ci) + pI^d ' ^'^Y. - 

j=2 
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KpoMe Toro, no OnpeflejieHHio 3.3.7: 



t'o ~ t'c = (^2 - Ti) - (b, t) (b, cid) - i (b, t) (b, qc)) . (99) 
Ho Cjie^CTBHK) H3 TeopeMbi 3.4.5: 



T2 - ri = (i2 - ti) (100) 

no TeopeMe 3.4.3: 

(ti - tc)' - (:Eb.i + vh - Cif + E^^2 (xb,, - C,)', 
(^2 - tof = (a^ba + vt2 - Dif + Y!^^^ (xbj - Djf. 

CjieflOBaTejibHO, 

(ii - tcf = [ti - tcf + 2v (a:b,i - xc,i) (ti - tc) + p^,q^, 
(i2 - tc)^ = {t2 - tof + 2v (a;b4 - xds) (^2 - to) + pI^^^. 

OTcro^ia: 



V 1 
^2 - ^1 = (^D - tc) + _ ^2 (^C-.l ~ + _ ^2 (^b.qo - Rh.qc) ■ (101) 

YHHTbiBaa ^To: 



i 



(b, r) (b, q,,) = -7=^, e (b, t) (b, qc) 



H3 ins, cnni), dmi: 



T.e.: 



- t'c = (^i) - ^c) yl-^^ , „ - xc,i) 

vi — f 



t'o - t'c - - tc) Vl-v^- ((i^i - Ci) - W (iD - tc)) 

V 1 — 



V 1 — w 
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OTCiOfla: 



{t'n-t'cf-{e{'^hT){C,D)) = 

{{tD - tcf - 2v [to - tc) {D, - C\) + «2 (D, - C\f - Rl,^^^), 



T.e. no (EHll: 



OTCio;i,a cpasy nojiy^aroTca npocTpaHCTBeHHO-BpeMenHbie npeo6pa30BaHHfl Jlopen- 

Li,a. 

4 BepoaTHOCTb 

PaccMaTpHBaeM BbipajKenHa KaKHx-jiH6o hsmkob. 

O.l: MHOJKecTBO BbipajKenHii nasbiBaeM K-o6neKmoM, ecjin jiio6aa napa ajieMenTOB 
SToro MHOJKecTBa npe^CTaBjiaeT napy chhohhmob. 9jieMeHTbi SToro MHOJKecTBa 
Ha3biBaeM uMeuaMU SToro K-06'beKTa. 

HanpHMep, MHOJKecTBo: cyMMa ^^Hceji 3 h 1 ^ four ^2 + 2 ^ IV 
^ 2^ <C 4 ^ HGTBepxa ^ } ecTb K-oGieKT c HMeneM ^ 4 

0.2: K-o6T3eKT, HMenaMH KOToporo HBJiHiOTCfl noBecTBOBaTejibHbie npe^iJiojKeHHSj, 
HasbiBaeTCfl coSumueM. 

Co6biTHe c HMeneM A o6o3HanaeM cjie^yioinHM o6pa30M: °A. 

0.9: Co6biTHe npoucxodum, ecjiH h TOJibKO ecjiH ero HMena HCTHHHbi. 

O.IO: Co6biTHe C ecTb npouaeedeuue co6biTHH An B (o6o3HaHeHHe: C = {A - B)), 
ecjiH C HMeeT hms BH^a: (j4&_B), Tflis A - hms co6biTHfl A, a B - hms co6biTHa B. 

O.ll: Co6biTHa AnB HecoeMecmnu, earn co6biTHe (.4 • B) HMeeT jiojKHoe hmh. 

0.12: Co6biTHe C npomueonojiootcHO k co6biTHK) A (o6o3HaHeHHe: C — A)^ ecjiH C 
HMeeT HMfl BH^a: {~^A), r^e A - hma co6biTHfl A. 

0.13: Co6biTHe C ecTb cyMMu coGmthh A vi B (o6o3HaHeHHe: C = {A + B)), ecjin 
C HMeeT HMfl BH^a: {A\/ B), Tfl/s A - HMfl co6biTHfl A, a B - hma co6biTHfl B. 

/lajiee Bce (ecjin CHeiinajibHO ne oroBapHBaeTCfl) nponcxoflHT b KOopflHHaTHOH 



CHCTeMe CHCTeMbi OTCHeTa y^aHj . 

IlpefljiojKeHHfl BH^a MOMenT t A HMeeT KoopflHHaTbi x ^ fl o6o3HaHaio xax 



0.14: Co6biTHe, HMeneM KOToporo sBjifleTCfl npefljiOKeHHe BH^a A {t, x) a Ha3biBaio 
moHeuHUM co6umueM. 




A{t,^). 
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0.15: Co6biTHe C r nasbiBaio (puaunecKUM co6biTHeM, ecjiH h tojibko gcjih C ecTb 
ToneHHoe co6biTHe, hjih C ecTb npoHasefleHHe hjih cyMMa KaKHx-jinSo (J)H3HHecKHx 

C06bITHH, HJIH C HpOTHBOnOJIOJKHO K KaKOMy-.nH6o 4)H3HHeCKOMy Co6bITHIO. KpOMS 

nepe^HCJieHHbix, HHKaKHx (J)H3H^ecKHx co6biTHii neT. 



4.1 B-(J)yHKij;HH 

0.16: Kaxflaa (J)yHKu;Hfl b(A'), onpe^ejieHHafl Ha MHOxecTse (J)H3HHecKHx co6biTHii, 
HMeioniafl o6jiacTb SHaneHHii na 0Tpe3Ke [0; 1] hhcjioboh och, Ha3biBaeTCfl D- 
ecjiH cymecTByeT co6biTHe C, fljia KOToporo: 

b (C) = 1, 

H flJIH JlloSblX C06bITHfl A n B: 

b{A-B) + b{A-B) = b{A). 

T.2: JI/LSi J11060H B-(i)yHKLi,HH b: 

1) fljifl Bcex coSbiTHii A n B: b{A- B) < b (A); 

2) ;iJifl KajKri^oro co6biTHfl A: ecjiH T npoHCxo^HT, to b (A) + b (A) = b (T); 

3) /iJia KajK^oro co6biTHfl ^: ecjiH T npoHCxo^HT, to b (^) < b (T) ; 



4) ecjiH T npoHCxoflHT, to 



b(T) = l; 



5) AJifl KajK^oro co6biTHfl 

b(^) + b(:4) = 1; 

6) ecjiH co6biTHe nneeT jioxnoe hms, to 

b (J^) = 0. 

^OKasaTCJiBCTBO T.2: 

1) H3 0.16. 

2) no nyHKTaM 4 h 2 T.l h 0.9: 

b (T • ^) + b (r • :4) = b (yi) + b (:4) 



48 



3) Hs npeflbiflymero nvHKTa stoh TeopeMbi. 

4) H3 npeflbi/iyinero nynKTa stoh TeopeMbi h h3 0.16. 

5) H3 nyHKTa 2 SToii TeopeMbi. 

6) Ha nyHKTa 5 T.l, H3 O.IO h 0.16: 

b{J^-A) + b{J^-A) = b{J^) + b{J^) = b (Jf )□ 

T.3: 

b{A + B) = b{A) + b{B)-b{A-B). 
^OKasaTejibCTBO T.3: no 0.13, 0.8 h no nynKTy 5 T.2: 

b{A + B) = l-b{A-B} . 

no 0.16: 

b{A + B) = l-b{A) +b{A-B) = b{A) + b{B)-b{A-B)a 
T.4 EcjiH npefljioxennfl A vi B necoBMecTHbi, to 

b{A + B) = b{A) + b (B) . 

^OKasaTejiBCTBO T.4: Hs nynKTa 6 T.2, h3 T.3 no 0.11 □ 
T.5: EcjiH b{A-B)= b{A)-b (B), to b {A-B) = b (A) ■ b (B). 
^OKasaTejiBCTBO T.5: Ho Onpeflejiennio 0.16: 

b{A-B) = b{A)-b{A-B). 

IlosTOMy, 

b (A-B) = b {A) - b {A) ■ b {B) = b {A) ■ {1 - b {B)) . 
IloaTOMy, no nynKTy 5 T.2: 

b{A-B) = b{A)-b{B)^ 
0.17: Co6biTHfl Ata B neaaeucuMU fljia B-^ymtuj/ia b, ecjin 
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b{A-B)= b{A)-b{B). 

T.6: b{A-A-B)=0. 

^oKaaaTejiBCTBo T.6: Ho 0.16 h no nyHKTaM 2 h 3 T.l: 
b{A-A-B) = b{A-B)-b{A-A-B), 
no3TOMy, H3 nyHKTa 1 T.l: 

b{A-A-B) = b{A-B)-b{A-B)a 

T.7: 

P {A - {B + C)) = P {A - B) + P {A-C) - P {A - B -C) . 

^OKaaaTejibCTBO T.7: 
no 0.8, 0.13 H 0.16: 

P{A-iB + C)) = p(^A- f^) = PiA) - P{A-B-C) = P{A) - P (A-B) + 
P {A-B ■ C) = P {A - B) + P {A - C) -P {A - B ■ C)a 

4.2 HeaaBHCHMbie HcnbiTanHa 

IlycTb N - MHOJKecTBO naTypajibHbix nnceji. 

0.18 IlycTb s{n) - (J)yHKn,H5j, onpeflejiennafl na N, HMeioni,afl o6jiacTb SHaHennn b 

MHOJKeCTBe C06bITHH. 

B 3TOM cjiyHae co6biTHe C nasbiBaeTca [sj-cepueu pama r c V-hucjiom k, ecjin C, r 
H k noflHHHjnoTCH OflHOMy H3 cjieflyroniHX ycjiOBnii: 

1) r = liik = l,C'^= s (1), HjiH k = 0,C =^ 7(1); 

2) B ecTb [s]-cepH5j panra r — 1 c V-hhcjiom fc — 1 h 

Ct/(B-S(r)), 

HJIH B ecTb [s]-cepHfl panra r — 1 c V-hhcjiom k n 
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06o3HaHHM [s](r, k) MHOJKecTBO [s]-cepHii panra r c V-^hcjiom k. 
HanpHMep, ecjiH s (n) ecTb nocjie^OBaTejiBHOCTb Bn, to co6biTHfl: 
{Bi-B2-B;), (Bi-B^-Bs), (Bl-B2-B^) 

aBJifliOTCfl sjieMeHTaMH MHOJKecTBa [s](3, 2), a {Bi ■ B2 ■ B3 ■ B4 ■ S5) € [s](5, 3). 
0.19: OyHKiiHfl s{n) neaaeucuMa jiJia B-(J)yHKLi,HH b, ecjin: 

r 

b{A}^l[b{s in)) 

n=l 

^Jifl jiK)6oro A, TaKoro ^to A £ [s](r, r). 

O.20: IlycTb s(n) - (JjyHKiiHfl, onpe^ejieHHafl na N, HMeiomafl o6jiacTb SHa^enHH b 

MHOJKeCTBe C06bITHH. 

B 3T0M cjiyi^ae co6biTHe C HasbiBaeTca [s]-cyMMOU pama r c V-hucjiom k 
(o6o3HaHHM: t[s](r, k)), ecjiH C ecTb cyMMa Bcex ajieMeHTOB MHOJKecTBa [s](r, k). 

HanpHMep, ecjiH s (n) ecTb co6biTHe C„, to: 

(C^-C^-C;) =t[s] (3,0), 

tW(3_J)= _ 

= ((Ci • C2 • C3) + (Ci • C2 • C3) + (Ci • C2 • C3)), 

t[s] (3, 2) = ( (Ci • C2 • C;) + (C7 • C2 • Ca) + (Ci • • C3) ) , 
(Ci • C2 • C3) = t[s] (3,3). 

0.21: IlycTb (jjyHKiiHfl s^(n), onpe^ejieHHaa na N, HMeiomafl SHa^ennfl b 
MHOJKecTBe co6biTHii, HeaaBHCHMaa ^Jia B-4)yHKLi;HH fa, nofl^HHfleTCfl ycjiOBHio: 

fa(s^(n)) = fa(^). 

fljiH jiK)6oro n. 

B 9T0M cjiy^ae [s^J-cepnio panra r c V-mhcjiom k nasbiBaeM nocjiedoeamejibHocmbm 
r HeaaeucuMux djin B-(fiyHKV,uu fa [sAl-ucnumaHuii co6umuji A c peayjibmamoM k. 

A nncjio k/r nasbiBaeM Hacmomou co6umusi A b SToii nocjieflOBaTejibHOCTH 
(o6o3HaHeHHe: Ur [s^] k/r). 

T.8: (tjjopMyjia BepnyjiJiH Ecjih s{n) nesaBHCHMa ^jia B-cjjyHKiiHH fa h 

cymecTByeT BemecTBeHHoe hhcjio p, Taxoe ^to ^jia Bcex n: fa (s (n)) = p, to 

b(tM(r,fc)) = ^P^^./.(l-p)'-\ 

^oKaaaTejibCTBo T.8: Ilo 0.19 h no T.5: ecjiH B G [s] (r, fc), to: 
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b(fi)=/-(i-pr\ 

T.K. [s] (r, A;) co^epxHT r!/ (fc! • (r — A;)!) sjieMenTOB, to no T.4, T.5, T.6 STa TeopeMa 

BbinOJIHHeTCfl □ 

0.22: IlycTb (J)yiiKii;Hfl s[n) onpeflejieHa na N h HMeeT oSjiacTb anaHeHHii b 

MHOJKeCTBe COGblTHH. 

B 3T0M cjiy^ae co6biTHe 'T[s](r, k, I), s^ecb r,k,l - naTypajibHbie ^ncjia, onpe^jejiaeT- 
cfl cjieflyromHM o6pa30M: 

1) 1[s](r,k,k)'^U[s]{r,k), 

2) TM(r, fc, ^ + 1) "i^' {1[s]{r, k, I) + t[s]{r, I + 1)). 

0. 23. EcjiH a H 6 - BemecTBennbie HHCJia, hA; — l<a<A;H^<&</ + l, to 
1[s]{r,a,b)=1[s]{r,k,l). 

T.9: 

1[sA]ir,a,b) =°«; ^<Ur [sa] ^ ^ » ■ 

^OKasaTCJibCTBO T.9: Ho 0.23: cymecTByeT HaTypajibHbie HHCJia r h fc, fljia 
KOTopbix: fc — l<a<fc, h/<6<Z + 1, H T[s^](r, a, b) = T[s^](r, k, I). 

HnflyKiiHH no 

1. IlycTb I = k. 

B 3T0M cjiynae no 0.22 n 0.21: 

k 

1[sA]ir, k, k) = i[sA]{r, k) =°<C Ur [sa] = - » ■ 

2. IlycTb n - HeKOTopoe naTypajibnoe hhcjio. 
Hn^yKTHBHoe flonynienne: ^onycTHM 

T/.i \ k k ~|~ Tl 

^[sA]{r, k,k + n) =°< - <Vr [sa] < » • 

r r 

no 0.22: 

1[s^](r, A;, A; + n + 1) = (1M(r, A, A; + n) + t[s^](r, A + n + 1)). 
Ho HHflyKTHBHOMy flonymennio, no 0.21 h no 0.5: 
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1[sA]{r,k,k + n+l) = 



/o k ^ ^ . k + n „ , ^ k + n+l , 

= ( < - < l^r [sa] < » +° < I'r [sa] = > ■ 

HosTOMy, no 0.13 h 0.8: 

1[sA]{r, k,k + n + l) =°«: ^ < i^r [sa] < »□ 

T.IO: EcjiH s{n) nesaBHCHMa ^jih B-(J)yHKLi;HH b h cymecTsyeT BemecTseHHoe hhcjio 
p, TaKoe HTO b (s (n)) = p ^jih ecex n, to 

b{1[s]{r,a,b))= ^ ^^-^:L^^./.(i-pr\ 

^OKasaTejiBCTBO T.IO: 3to cpasy cjie^yeT h3 T.8 no T.4 □ 

T.ll: EcjiH s{n) nesaBHCHMa ,ii,jifl B-(J)yHKn;HH b n cyni,ecTByeT BeniecTBennoe hhcjio 
p, TaKoe HTO b (s (n)) = p fljia Bcex n, to 

b (T[s] (r, r • - e) , r • (p + s))) > 1 - 

fljiR jiio6oro nojiojKHTejibHoro BcniccTBennoro HHCJia e. 
^OKasaTCJiBCTBO T.ll: Tax xax 

^(fc-r-pf ■ ■p'' ■{l-py-'' =r-p-{l-p), 



TO ecjiH 



J = {fc e N|0 < A; < r • (p - £)} U {A; e N|r • (p + £) < A; < r} , 



TO 



^^^ kl.{r-k)l -' -^'-'^ 

nosTOMy, no nynKTy 5 T.2 3Ta Teopena BbinojinsieTCfl □ 
HosTOMy 

lim b {1[s] {r,r-{p-e),r-{p + e))) = l (103) 

r— >C30 

fljifl Bcex KaK yroflHO MajiMx nojioxHTejiBHMx nnceji e. 
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4.3 QyHKIj;H5I BepOHTHOCTH 

0.24: n-exod S„ jiflsi N onpe^iejiaeTCfl peKypcHBHo: 

1) Si {1}; 

2) S(„+i) =^S„U{n + l}. 

0.25: EcjiH S„ ecTb n-Bxofl ^Jia N, h A C N, to ||AnS„|| ecTb KOJiHi^ecTBO 
sjieMeHTOB MHOJKecTBa A n S„ , h gcjih 

||Ans„|| 

n7„ (A) = , 

n 

TO vOn (A) ecTb Hacmoma MHOJKecTBa A na n-Bxo^e S„. 
T.12: 

1) zu„(N) = 1; 

2) zu„(0) = 0; 

3) K7„(A) +ro„(N- A) = 1; 

4) tn„(A n B) + m„{A n (N - B)) = n7„(A). 
^OKasaTCJiBCTBO T.12: Hs 0.24 h 0.25 □ 

0.26: EcjiH "lim" ecTb KoniH-BeHepniTpacca "limit", to: 

$ix (a C N| lim zUn{A) = l] . 

T.13: <i>ix ecTb 4)HJibTp T.e.: 

1) N € $ix, 

2) ^ $ix, 

3) ecjiH A e $ix, H B e $ix, to (A n B) e $ix ; 

4) ecjiH A g $ix, H A C B, to B e <i>ix. 
^OKasaTejibCTBO T.13: 

1), 2) H 4) nojiyi^aeTCfl cpasy h3 cbohctb KomH-BefiepmTpacca npe^ejia no 0.24, 
0.25 H 0.26. 

3): Hs nyHKTa 3 T.12: 

lim tx7„(N - B) = 0. 

n — *oo 

Hs nyHKTa 4 T.12: 
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n7„(A n (N - B)) < n7„(N - B). 



Cjie^IOBaTejibHO, 

lim tn„ (A n (N - B)) = 0. 

n — >oo 

CjieflOBaTejibHO, 

lim zun (A n B) lim n7„(A)n 

n — *C30 n — *oo 

0.27: •JyHKE.Hio C(r7,), onpe^iejieHHyio na N h HMeiomyio sna^eHHa b MHOJKecTBe 
co6biTHH, HasbiBaeM cynepco6umueM C{n). 

0.28: Cynepco6biTHe C(n) npoucxodum, ecjiH {n e N|C (n) npoHCxo^HT} G <i>ix. 

0.29: i?-4)yHKLi,Hfl P nasbiBaeTca P-^yHK\i,ueu, ecjiH P no^^HHaeTca cjie^yromeMy 
ycjiOBHK): 

^jia jiK)6oro cynepco6biTHa C(n): ecjiH 

lim P (C (n)) = 1, 

n — ^oo 

TO C(n) npoHCxoflHT. 

T.14: EcjiH P - P-4)yHKLi;Hfl, to npoHCxo^HT co6biTHe 

° < P (^) - e < M„ [sa] < P (^) + e > 

fljifl jiK)6oro KaK yro^HO Majioro nojio>KHTejibHoro e h pjin jiK)6oro (J)H3HHecKoro 
co6biTHa yl. 

^oKasaTejibCTBo T.14: Hs 0.21, 0.29 h ITO^I 

lim P CI[s^](n, n • (P (yi) - e) , n • (P (y^) + £))) = 1 

n— >oo 

Cjie^OBaxejibHO, no 0.29 h no T.9 nponcxo^nx cynepco6biTHe 

< < i^ri [sa\ < > 

n n 
fljia jiio6oro kok yro^HO Majioro nojioJKHTejibHoro e □ 
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T.e. no^TH fljiR Bcex 6ojibmHx n: 



yn [sa] = P (^) ± e. 

TaKHM o6pa30M, P-(J)yHKLI,HHH, nOAHHHHKDmHeCH BCBM CBOHCTBaM (JjyHKIJHH BepOflT- 
HOCTH, HMeKDT CTaTHCTHHeCKHH CMblCJI. CjieflOBaTejIbHO, HX 3HaHeHHfl MOryT 6bITb 

H3MepeHbi oflHOSHaHHO CTaTHCTHHecKHM SKcnepHMeHTOM. T.e. TOJibKO oflHa TaKaa 
^ymmfiR cymecTByeT. Ona onpefleJiaeT oSieKTHBHyio BepoHTHOCTb (J)H3HHecKHx 
co6biTHH, He aaBHCflmylo ot Ha6jiioflaTeji5j. 

4.4 ycjiOBHaa BepoaTHOCTb 

OnpeflejieHHe 2.5.1: ycjioeHou eepojiirmocmbio B no C HasbiBaeTca: 



P(W='^^. (104) 

TeopeMa 2.5.1 "tyHKiiHa ycjiOBHoii BepoflTHOCTH ecTb B-(J)yHKLi,H5j. 
^oKaaaTejiBCTBo TeopeMti 2.5.1 Ha OnpeflejieHHJi 2.5.1: 

P(C/C) = ^. 

OTCiofla no nyHKTy 1 TeopeMbi 2.1.1: 

Ftcy 



P(C/C) = ^ = l. 



TaKxe H3 OnpeflejieHHfl 2.5.1: 

V A m /r\ _ P( ^ 



P {{A ■ B) /C) + P{{A-B) /C) = ^^(^^ + 



OTCiOfla: 

P {{A ■ B) 10 + P ((.4 ■ g) IC) = ^(^■(•^•^)HP(c-(.4-g)) _ 
Ho nyHKTy 3 TeopeMbi 2.1.1: 

P {{A .B)/C) + F{{A. B) IC) = . 
OTCiOfla no 0.16: 

P{{A-B)/C) + P{{A-B)/C) = ^. 
OTCiOfla no OnpeflejienHio 2.5.1: 

P {{A ■ B) IC) + P ((.4 • B) IC) = P {AlC) □ 
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4.5 KjiaccHHecKaa BepoaTHOCTb 

Onpe^ejieHHe 2.6.1 {81,82, ■■■ ,Bn} ecTb noAHOsi cucmeMa, ecjiH BbinojiHfliOTCH 
cjie^iyiomHe ycjiOBHa: 

1. ecjiH k ^ s, TO {8k ■ 8g) necoBMecTHbi; 

2. npoHCxoflHT co6biTHe {81 + 82 + ■ ■ ■ + 8n) ■ 

OnpeflejieHHe 2.6.2 8 6AagonpuMmcmeyem co6umuw A, ecjiH (B -34) necoBMec- 
THbi, H B He 6jiaronpHflTCTByeT npefljioxeHHio A, ecjiH {8 • A) necoBMecTHbi. 

IlycTb 

1. {81,82, ■ ■ ■ ,8n} - nojiHaa CHCTeMa; 



3. ecjiH 1 < k < m,TO 8k 6jiaronpH5JTCTByeT npefljio>KeHHio A, a ecjiH m+l < s < n, 
TO 8s He 6jiaronpH5JTCTByeT npe^jioxenHio A. 

B 3T0M cjiynae h3 nyHKTa 6 T.2 no 0.11: 



2. fljiH fc € {l,2,...,n} H s e {l,2,...,n}: P {8k) = P {8s); 



P{A-8k)=0 



fljifl A; e {1,2, 



m}, H 



P{A-8s) = 



fljifl s e {m + 1, m + 2, . . 
CjieflOBaTejibHO, no 0.16: 



n}. 



P{A-8k) = P{8k) 



fljifl A; e {1,2, . . . ,n}. 
Ho nyHKTy 4 TeopeMbi 2. 



1.1: 



^ = • (Bi + B2 + . . . + + . . . + 8n)) . 
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4.6 B-cJ)yHKi],HH H KjiaccHHecKaa npono3HLi,HOHajibHa5i jiornKa 

TeopeMa 2.2.2 Ecjih npefljio>KeHHe D npono3HLi,HOHajibHO flOKasyeMO, to fljia scex 
B-4)yHK^HH b: h{°D) = l. 

^OKasaTejibCTBO TeopeMbi 2.2.2: 

Ecjih D ecTb Al, to no Onpe^ejienHio 2.1.10, O.IO, 0.12, 0.13: 



b {°D) = 1 - b {°A) + b - b • ^4)) , 

b{°D) = 1 - b B) • ^4) , 

b {°D) = l- b{°A-° B) + h {{°A B) A) , 
b {°D) = l-b{°A-° B) + h {{°A A) , 
b {°D) = l-h{°A-° B) + b {°A ■° B) . 



^jifl ocTajibHbix npono3HLi,HOHajibHbix aKCHOM ^OKasaTejibCTBO anajiornHHO. 



IlycTb ;t;jt5j Bcex B-cJ)ynKT;Hfl b: b(°A) = 1 h b (° D)) = 1. 

no OnpeflejieHHio 2.1.10, O.IO, 0.12, 0.13: 




Ilo nyHKTy 5 T.2: 




Ilo 0.16 H no TeopeMe 2.1.1: 





Ho nyHKTy 5 T.2: 



b(° {A^D)) 



1 - b i°A-°D 



HoaTOMy, 



\}{°A-°D) =0. 



no 0.16: 
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b{°A-°D) = b{°A)-b{°A-D). 

HosTOMy, 

b{°A-° D) = b{°A) = l. 
Ylo 0.16 H no Teopene 2.1.1: 

b {°A D) = b {°D) -b{°D-^ = 1. 
Cjie^OBaTejibHO, ^jia Bcex B-(J)yHKLi,Hii b: 

Teopema 2.2.3 

1) EcjiH fljifl Bcex Syjieebix (J)yHKii;Hfl q: 

0{A) = 1, 

TO fljifl Bcex B-(J)yHKLi;Hfl b: 

b(°^) = 1. 

2) EcjiH fljifl Bcex SyjieBbix (J)yHKii;Hfl Q: 



9{A)=0, 

TO fljifl Bcex B-cjjyHKijHii b: 

b = 0. 
^OKasaTejiBCTBO TeopeMBi 2.2.3: 

1) 9to cpasy cjie^yeT h3 npe^jbiflymeii TeopeMbi h h3 TeopeMbi 2.1.3. 

2) EcjiH fljiH Bcex ByjieBbix ^ynKmm q: q{A) = 0, to no OnpeflejienHio 2.1.6: 
Q {^A) = 1. IIoaTOMy, h3 nyHKTa 1 stoh TeopeMbi: fljia Bcex B-eJjyHKijHii b: b (°^) = 1. 
no nyHKTy 5 T.2: b {°A) = □ 
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TeopeMa 2.2.4 Ecjih (|)yHKLi;Hfl b onpeflejiena na MHOJKecTBe (J)H3HHecKHx co6biTHii, 
HMeeT 3HaHeHHfl b fleyx-sjieMeHTHOM MHO>KecTBe {0; 1} h noflHHHfleTca cjieflyiomHM 
ycjiOBHaM: 

1. b(° (^A)) = 

2. b(° = b(°A) • b(°B), 

TO 3Ta (JjyHKiiHfl npeflCTaBJiaeT B-(J)yHKLi;HK). 

^oKasaTejibCTBo TeopeMbi 2.2.4: Ecjih £) ecTb Al, to b {°D) = 1 - CMOTpHTe 
/^OKasaTejibCTBO TeopeMbi 2.2.2. 

no O.IO H 0.12: 

bi°A-° B) + b{°A-^) = b (° + b (° (A& 

Ilo ycjiOBHio TeopeMbi 2.2.4: 

b{°A-° B) + b{°A-^) = b{°A)-b{°B) + b{°A)- (l-b(°S)). 
CjieflOBaTejibHO, 

b{°A-° B) + b{°A-^ = b{°A)a 

Hs Oupe^ifijicimn 2.1.6 4)yHKi(Ha b (°^) npcri^cTaB^iaeT 6yjieBy 4)yHKii,Hio. Cjie;i,OBa- 
TejibHO, B-cjjyHKiiHH H 6yjieBbi 4)yHKLi;HH TecHO CBflsanbi TeopeMoii 2.2.4. T.e. B- 
(i)yHKii;nn - 3T0 (J)yHKLi;HH npono3nii;noHajibHofl jiorHKH. IlojiyHaeTCJi, hto BepojiTHOCTb 
3T0 Jiormca eme He npoHSomefliuHx coSmthh. 

4.7 HenpoTHBopeHHBOCTb jiorHnecKoft BepoHTHOCTH 

4.7.1 HecTaHflapTHBie iHCJia 

PaccMaTpHBaeM MiiojKecTBO N iiaTvpajibiibix niiceji. 

OnpeflejieHHe 2.7.1.1: n-exod Sn ajih N onpe^iejiiieTCii pexypcHBHo: 

1) Si {1}; 

2) S(„+i) =^S„U{n + l}. 

OnpeflejieHHe 2.7.1.2: Ecjih S„ ecTb n-Bxo^ ^jih N, h A C N, to ||An S„|| ecTb 

KOJIHHBCTBO SJIBMBHTOB MHOJKBCTBa A fl S„ , H eCJIH 

||Ans„|| 

TO Wn (A) ecTb nacmoma MHOxecTBa A na n-Bxo^e S„. 
TeopeMa 2.7.1.1: 
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1) tn„(N) = 1; 

2) tu„(0) = 0; 

3) tu„(A)+Ti7„(N- A) = 1; 

4) ti7„(A n B) + ti7„(A n (N - B)) = ro„(A). 

^OKasaTCJiBCTBO TeopeMbi 2.7.1.1: H3 Onpe^ejienHii 2.7.1.1 h 2.7.1.2 □ 
Onpe^ejieHHe 2.7.1.3: Ecjih "lim" ecTb KoniH-BeiiepniTpacca "limit", to: 

$ix (a C N| lim ti7„(A) = l| . 

TeopeMa 2.7.1.2: $ix ecTb 4)HJibTp 0], T.e.: 

1) N e $ix, 

2) ^ $ix, 

3) ecjiH A e $ix, H B g $ix, to (A n B) e $ix ; 

4) ecjiH A e $ix, H A C B, TO B e <i>ix. 

^OKasaTCJibCTBO TeopeMbi 2.7.1.2: H3 nynxTa 3 TeopeMbi 2.7.1.1: 

lim tx7„(N - B) = 0. 

n — *oo 

H3 nyHKTa 4 TeopeMbi 2.7.1.1: 

ro„(A n (N - B)) < cc7„(N - B). 

CjieflOBaTejibHO, 

lim ti7„(An(N-B)) =0. 

n — ^00 

CjieflOBaTejibHO, 

lim zun (A n B) = lim n7„(A)Q 

n — ^00 n — *oo 

/lajiee ^jih namero npe^MeTa npHcnoco6HM noHHTHH h BbiBO^bi Robinson HecTan- 
flapTHoro anajiHsa ^: 

OnpeflejieHHe 2.7.1.4: IIocjie^iOBaTejibHOCTH Bem,ecTBeHHbix hhcbji (r„) n (s„) 
Q-9KeueajieHmHU (o6o3Ha^eHHe: (r„) ~ (sn)), ecjin 

{n e N|r„ = s„} e i>ix. 
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TeopeMa 2.7.1.3: Ecjih r,s,u - nocjie^OBaTejibiiocTH BemecTBeHHMx HHceji, to: 

1) r~r, 

2) ecjiH r ~ s, TO s r; 

3) ecjiH r s, H s ^ u, TO r u. 

^oKaaaTejiBCTBo TeopeMti 2.7.1.3: Ho Onpe^ejieHHio 2.7.1.4 h3 TeopeMM 
2.7.1.2 □ 

OnpeflejieHHe 2.7.1.5: Q-hucao ecTb MHOJKecTBO Q-3KBHBajiciiTiiMx nocjie^iOBa- 
TejibHOCTeii BemecTBennbix HHceji, T.e. ecjiH a - Q-hhcjio, HrGansGa, Tor~s;H 
ecjiH r g a, H r ^ s, TO s € a. 

OnpeflejieHHe 2.7.1.6: Q-hhcjio a ecTb cmaHdapirmoe Q-hucao a, ecjiH a ecTb 
HeKOTopoe BemecTBeHHoe hhcjio, h cymecTByeT nocjieflOBaTejibHOCTb (r„), fljia KOTopoii: 
(r„) e a, H 

{n e N|r„ = a} € $ix. 

Onpe^ejieHHe 2.7.1.7: Q-HHCJia a vl b paenu (o6o3HaHeHHe: a = b), earn a C b, vl 
bCa. 

TeopeMa 2.7.1.4: IlycTb f{x, y, z) (|)yHKLi,Hfl, onpe^ejieHHaa b Rx Rx R, HMeiomafl 

o6jiaCTb SHaHBHHii B R (R - MHOXeCTBO BemeCTBBHHblX HHCejl) . 

HyCTb , (y2,n) , {y3,n) , {Zl,n) , {Z2,n) , {Zi,n) " nOCJIBAOBaTejIbHOCTH 

BemecTBeHHbix nnceji. 

B 3T0M CJiynae eCJin (Zi,„) ~ (2/i,«), to (f(yi,„, 2/2,n, 2/3,n)) ~ (f(^l,n, -22,n, -23,n))- 

^oKasaTejibCTBo TeopeMbi 2.7.1.4: 06o3HaHHM: 
ecjiH A; = 1, HjiH k = 2, hjih A; = 3, to 

Afe = {n e N\yk,n = Zk,n} ■ 
B 3T0M cjiynae no Onpe^ejieHHio 2.7.1.4 fljia bcbx k: 

Afe e $ix. 

T.K. 

(Ai n A2 n A3) C {n e N|f(yi,„, y2,n, y3,n) = f{zi,n, Z2,n, Z3,n)} , 

TO no TeopeMB 2.7.1.2: 

{n e N|f(2/i 

,n 7 y2,n 1 y3,n )} e $ixn 
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Onpe/i;ejieHHe 2.7.1.8: 06o3iiaHHM: QR - MiiojKecTBO Q-hhcgji. 

Onpe/i,ejieHHe 2.7.1.9: <l>yHKLi,Hfl f, onpe/i,cjieiiiiafl b QR x QTL x QR, HMeromaa 
o6jTacTb 3HaHeHHfl B QR, HasbiBaeTCH Q-pacmupenueM ^yHKV,uu f, onpeflejieHHoii b 
R X R X R, HMeiomeii o6jiacTb SHaneHHii b R, ecjiH BbinojiHHKDTCfl cjie^yiomHe ycjiOBHa: 

IlycTb {Xn) ,{yn) ,{Zn) " nocjieflOBaTejibHOCTH BemecTBeHHbix HHceji. B stom cjiynae: 
ecjiH 

(xn) G X, (yn) e y, {zn) G z, u =y(x,y,z), 



{f{Xn,yn, Zn)) € U. 

TeopeMa 2.7.1.5: ^jih Bcex 4)yHKLi,HH f, onpc^o.TTonnbix b R x R x R, HMeromnx 
o6jiacTb 3Ha^eHHH^ B R, H fljifl Bcex BemecTBeHHbix hhccji a, b, c, d: ecjiH f - Q- 
pacLUHpeHHe f; a, b, c, d - CTan^iapTHbie Q-HHCJia a, b, c, d, to: 

ecjiH d = f(a, 6, c), TO d = f(a, 6, c) h vice versa. 

^OKasaTejibCTBO TeopeMBi 2.7.1.5: Ecjih {r„) € a, (s„) S b, (un) € c, (in) € d, 
TO no Onpe^iejieHHio 2.7.1.6: 



TO 



{n e N|r, 
{n G N|s, 
{n e N|m, 
{n G N|i, 



n 



n 



a} G 4>ix, 
bj G $ix, 
c} G $ix, 
d} G $ix. 



1) riycTb d = f{a, b, c). 

B 3T0M cjiyHae no Teopene 2.7.1.2: 



{n G N|i„ = f(r, 



G $ix. 



CjieflOBaTejibHO, no OnpeflejienHio 2.7.1.4: 



(in) - (f( 



TaKHM o6pa30M, no Onpeflejiennro 2.7.1.5: 



(f(r„,s„,u„)) G d. 



CjieflOBaTejibHO, no OnpeflejienHio 2.7.1.9: 



d = f(a, 6, c). 
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2) IlycTb d = f (a, b, c) . 

B 3T0M cjiyHae no Onpe^iejieHHio 2.7.1.9: 

(f(r„,s„,M„)) e d. 
Cjie^OBaTejibHO, no Onpe^ejieHHio 2.7.1.5: 

(tn) ~ (f( Un)) ■ 

TaKHM o6pa30M, no Onpeflejiennio 2.7.1.4: 

{n e N\tn = f(r„, s„, u„)} e $ix. 
CjieflOBaTejibHO, no TeopeMe 2.7.1.2: 

{n G N|t„ = f(r„, s„, r„ = a, s„ = b, m„ = c, t„ = d} e $ix. 
CjieflOBaTejibHO, t.k. 3to MnoxecTso ne nycTO, to 

d = f{a,b,c)a 

Ho 3T0H TeopeMe: ecjiH f - Q-pacmnpenne ^ynKUfiJi f, to BbipaxeHHe "f(a;, y, z)" 
6yfleT sanHcano KaK "f(J, y, 2)", h bcjih u - CTanflapTHoe Q-hhcjio, to BbipaxBHHB "u" 
6yfleT sauHcano xax "u". 

TeopeMa 2.7.1.6: Ecjih ^jih bcbx bbuibctbbhhmx hhcbji a, b, c: 

^{a,b,c) = ■4){a,b,c), 

TO fljifl Bcex Q-HHceji J, y, z: 

V{x,y,z) = ip{x,y,z). 

^OKasaTejiBCTBO TeopeMBi 2.7.1.6: Ecjih {x„) G x, {Un) € y, {zn) G z, u = 
(p{x,y,z), TO no Onpe^ejiennio 2.7.1.9: ((^(x„, y„, z„)) € u. 

T.K. ip{Xn,Vn, Zn) = "(/^(a^n, J/n, TO {'lp{Xn,yn, Zn)) G W. 

Ecjih -? = -(/'(a;, y, z), to ho Onpeflejiennio 2.7.1.9: {'ip{xn, y-n, Zn)) G v, tojkb. 
TaKHM oSpasoM, ^jia Bcex nocjie^OBaTejibnocTeii (i„) BemecTBennbix hhcbji: bcjih 

{tn) G U, TO HO OnpBflBJIBHHK) 2.7.1.5: (tn) ~ {ll^{Xn,yn,Zn))- 
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CjieflOBaTejibHO, (i„) & v; n ecjin G v, to (t„) ~ {(p{xn,yn, Zr, 

CjieflOBaTejibHO, € u. 

TaKHM o6pa30M, u = v a 

TeopeMa 2.7.1.7: Ecjih ^jih Bcex BemecTBeHHMx HHceji a, b, c: 

f (a,(p(6,c)) = V'(a,&,c), 
TO fljifl Bcex Q-HHceji x, y, z: 

f{x,ip{y,z)) = ij;{x,y,z). 

^OKaaaTGJiBCTBO TeopeMBi 2.7.1.7: IlycTb (u7„) € w, ^{x,w) = u, (xn) G 
{yn) e y, {zn) e 2", z) = w, ipix, y,z) = v. 

Ho ycjiOBHKD 3Toii TeopeMbi: f(a;„, (^(j/n, = ip{xn,yn, Zn)- 

no OnpeAeJieHHK) 2.7.1.9: {ip{xn,yn, Zn)) e t;, {^p{x„,y„)) G w, (f(a;„,u;„)) e u. 

^jiH Bcex nocjieflOBaTejibHOCTeii BemecTBeHHbix nncejiof: 

1) Ecjih e v, to OnpeflejieHHio 2.7.1.5: (t„) ~ {ip{xn,yn, Zn)) ■ 
CjieflOBaTejibHO, ~ (f(a;„, (/9(j/„, 

TaKHM o6pa30M, no Onpeflejiennio 2.7.1.4: 

{n G N|t„ = f{Xn, f {yn, Zn))} G $ix, 

H 

{n G N|w;„ = (f {yn, Zn)} G $ix. 
CjieflOBaTejibHO, no TeopeMe 2.7.1.2: 

{n G N|t„ = f(a;„,w;„)} G $ix. 
Cjie^OBaTejibHO, no Onpe^ejieHHio 2.7.1.4: 

~ (f(a;n,t«n)) ■ 

TaKHM o6pa30M, no Onpeflejiennro 2.7.1.5: (tn) G u. 

2) Ecjih (tn) G u, to Onpeflejiennio 2.7.1.5: (tn) ^ (f(a;„,w„)). 
T.K. (wn) ~ {ip{yn, Zn)) , TO HO OnpeflejieHHK) 2.7. lA: 
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{n e N|t„ = f(a::„,w„)} e ^-ix, 



{n e N|w„ = (y„, z„)} G $ix. 
TaKHM o6pa30M, no TeopeMe 2.7.1.2: 

{n e N|t„ = f(x„, V3 (y„, z„))} G $ix. 
CjieflOBaTejibHO, no OnpeflejieHHio 2.7.1.4: 

TaKHM o6pa30M, 

CjieflOBaTejibHO, no OnpeflejieHHio 2.7.1.5: (t„) G w. 
OTCio^ia H H3 1) no Onpe^iejieHHio 2.7.1.7: u = v \j 

Cjie^cTBHa H3 TeopeM 2.7.1.6 h 2.7.1.7: |1.3j : /^Jifl Bcex Q-^Hceji x, y, ?: 



$1: 


(5?- 


^y) = (y + x), 




$2: 


(x- 


\-{y + ^) = i(x + y)^ 




$3: 


{x- 


1- 0) = J, 




$5: 


{x- 


y) = (y-x), 




$6: 


{x- 






$7: 


[x- 


1) = X, 




$10 


: {x 


■{y + Tj)^{(x-y)~\- 





TeopeMa 2.7.1.8: $4: ^jih KajK^oro Q-nncjia x cym,ecTByeT Q-^hcjio y, ^jia 
KOToporo: 

ix + y) = 0. 

^OKasaTCJibCTBO TeopeMBi 2.7.1.8: Ecjih (a;„) G x, to y ecTb Q-nncjio, 
co^epjKamee (— x„) □ 

TeopeMa 2.7.1.9: $9: HeBepno, ^to 0=1. 

^oKa3aTejibCTBo TeopeMBi 2.7.1.9: Hs OnpeflejieHHa 2.7.1.6 h Onpe^ejienna 
2.7.1.7 □ 



66 



OnpeflejieHHe 2.7.1.10: Q-hhcjio x Q-Meubiue Q-HHCJia y (o6o3Ha^^eHHe: x < y), 
ecjiH cymecTByiOT nocjie^OBaTejibHOCTH h (j/„) BemecTBeHHbix hhcgji, ^jih kotopmx: 

(xn) € X, (yn) e y H 

{n e N|x„ < yn} e $ix. 

TeopeMa 2.7.1.10: ^jih Bcex Q-^^Hceji x, y, z: |14j 

rjl: HeBepHO, ^^T0 x <x; 

n2: ecjiH a; < y , H y < TO a; < z; 

04: ecjiH X <y, to (ir + i) < {y + z); 

fib: ecjiH < z, H a; < y, TO (a; • z) < (y • i); 

r23': ecjiH x < y, to HeBepno, ^to y <x, hjih a! = y , h vice versa; 

ns": fljifl Bcex CTaH^apTHbix Q-hhcbji x, y, z: x < y, hjih y < x, hjih x — y. 

^OKasaTCJiBCTBO TeopeMBi 2.7.1.10: Hs Onpe^ejienHfl 2.7.1.10 no Teopene 
2.7.1.2 □ 

TeopeMa 2.7.1.11: $8: Ecjih < \x\, to cymecTByeT Q-^hcjio y, fljia KOToporo 
{x-y) = 1. 

^OKasaTejibCTBO TeopeMbi 2.7.1.11: Ecjih (x„) S x, to no OnpeflejienHio 
2.7.1.10: ecjiH 

A = {n e N|0 < |a:„|}, 

TO A G $ix. 

B 3T0M cjiynae: ecjin ;i,jifl nocjie^OBaTejibnocTn (y„) : ecjin n £ A then y„ — l/a;„ 

- TO 

{n e N|a;„ • y„ = 1} e $ixn 

TaKHM o6pa30M, Q-Hncjia y^jOBJieTBopaiOT BceM CBoiicTBaM BeniecTBennbix Hnceji, 
KpoMG ri3 p5]. Cbohctbo ri3 necKOJibKO ocjia6jieHO (fiS' h fiS"). 

Onpe^ejieHHe 2.7.1.11: Q-^hcjio x nasbiBaeTca decKoneHHO- mqjium Q-hucjiom, 
ecjiH cymecTByeT nocjie^OBaTejibnocTb BeniecTBennbix Hnceji ^jih KOTopoii: (a;„) G 
X, H fljifl Bcex HOJiojKHTejibHbix BeiLi,ecTBeHHbix ^Hceji e: 

{n e N||a:„| < e} G $ix. 
06o3HaHHM MHOJKecTBO Bcex 6ecK0HeHH0-Majibix Q-^nceji ksk /. 
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Onpe^ejieHHe 2.7.1.12: Q-HHCJia x m y nasbiBaiOTCfl 6ecKOHenHO-6AU3KUMU 
(o6o3Ha- HGHHe: ir ~ y), ecjiH |x — y| = 0, hjih |x — y| 6ecK0He^H0 Majio. 

Onpe^ejieHHe 2.7.1.13: Q-hhcjio x HasbisaeTca 6ecK0HeHH0 6oAbmuM, ecjin cyme- 
CTByeT nocjieflOBaTejibHOCTb (r„) BemecTBeHHbix ^Hceji, ^Jia KOTopoii (r„) e a;, h ^jia 
KajKfloro HaTypajibHoro HHCJia m: 

{n e N|r7i < r„} G $ix. 

4.7.2 Moflejib 

Onpe^iejiHM npono3HLi,HOHajibHoe HC^HCJieHHe xax b (2], ho nponosHiiHonajibHbie (jaopMbi 
6y^eM o6o3Ha'^aTb ctpo^hmmh rpeHecKHMH 6yKBaMH. 

Onpe^ejieHHe CI: MnojKecTBO 3? npono3HLi,HOHajibHbix cJ^opM ecTb U-Mup, ecjin: 

1) ecjiH ai, q;2, . . . , q;„ € 3?, H Qfi, q;2, . . . , a„ h /3, TO /? € 3?, 

2) ;iJifl Bcex npono3HLi,HOHajibHbix 4)opM a: HeBepno, hto (a& (^a)) € 

3) fljifl KajKflOH nponoaHiiHOHajibHOH (jjopMbi a: a S 3? hjih (^a) € 3?. 

Onpe^ejieHHe C2: IlocjieflOBaTejibHOCTH HpoHOSHiiHonajibHbix 4)opM (q;„) h (/3„) 
Q-9KeueajieHmHU (o6o3HaHeHHe: (q;„) '--^ {Pn)) if 

{n e N|a„ = Pr,} e $ix. 

Onpe^ejiaeM hohhthh Q-(popMU h Q-pacmwpeHusi cjiyHKii^uu fsjia npono3Hn,HOHajib- 
Hbix 4)opM KaK B OnpeflejieHHAx 2.7.1.5, 2.7.1.9. 

Onpe^ejieHHe C3: Q-(|)opMa a peajihua b U-Mnpe 3?, ecjiH cym,ecTByeT 
HOCJie^IOBaTejibHOCTb (a„) HpoHOSHiiHOHajibHbix 4)opM, ^jifl KOTopoii: (a„) € 5, H 

{n g N|a„ e 3?} e $ix. 

Onpe^ejieHHe C4: MnojKecTBO 3? Q-(|)opM nasbiBaeTca Q-pacuiupeHueM U-Mupa 
3?, ecjiH 3? ecTb MHOJKecTBO Q-peajibHbix b 3? Q-4)opM. 

Onpe^ejieHHC C5: IIocjie^iOBaTejibHOCTb ^3?^^ Q-pacmnpeHHii U-Mnpa nasbiBaeT- 
ca S-MupoM. 

Onpe^ejieHHe C6: Q-cJjopMa a peaAtua e S-Mupe i^k^ , ecjin 

Onpe^ejieHHe C7: Mho^kgctbo A (A C N) naabiBaeTca pezyAsipnuM MHoatce- 
cmeoM, eajiH ^jia KajKfloro BemecTBeHHoro HOJioacHTejibHoro HHCJia s cymecTByeT 



68 



HaTypajibHoe ^hcjio no, Taxoe, ^to: fljia Bcex HaTypajibHbix ^Hceji n h to, 6ojibmHx 
HjiH pasHbix no: 

|w;„(A) - K;r„(A)| < e. 

TeopeMa CI: Ecjih A peryjiapnoe MHOxecTso, h fljia scex BemecTBeHHbix 
nojioxHTejibHbix HHceji e: 

{k G N|w;/c(A) < £} € $ix, 

TO 

lim ^^(A) = 0. 
^OKasaTejiBCTBO TeopeMBi CI: ^onycTHM, 

lim Wfe(A) 7^ 0. 

To ecTb cymecTByeT BemecTBeHHoe hhcjio Eo, TaKoe, hto ^jih Ka>Kfloro naTypajibHoro 
HHCJia n' cymecTByeT naTypajibHoe hhcjio n, fljia KOToporo: 

n > n', H Wn{A) > £o- 

IlycTb i5o - HeKOTopoe nojiojKHTejibHoe BemecTBeHHoe hhcjio, ^jia KOToporo: eo — So > 
0. T.K. A - peryjiapHoe MHOxecTBO, to ^jih ^o cymecTByeT naTypajibHoe hhcjio no, 
TaKoe, HTO fljiH Bcex HaTypajibHbix n h m, 6ojibmHx hjih paBHbix HHCJiy no: 

|w;„(A) - ^^(A)! < ,5o. 

To ecTb 

Wm(A) > w;„(A) - 6o. 

T.K. Wn{A) > £o, TO Wm{A.) > Eq - Sq. 

CjieflOBaTejibHO, cymecTByeT naTypajibnoe no, TaKoe, hto fljia Bcex HaTypajibHbix 
to: eciTH TO > no, TO Wmi-A) > eo — Sq. 

CjieflOBaTejibHO, 

{to e N|w;m(A) > £0 - ^o} e $ix, 
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H no ycjiOBHK) SToii TeopeMbi: 



{k e N|u;fc(A) < £o - So} e $ix. 



TaKHM o6pa30M 



{k e N|eo - 5o <eo- So} & $ix. 



T.e. ^ $ix. 9to npoTHBopenHT TeopeMe 2.7.1.2 □ 
OnpeflejieHHe C8: IlycTb ^SRfe^ - S-Mnp. 

B 3T0M cjiynae ^ymmnsi S21J(/3), onpeflejieHHaa b MHOxecTBe Q-(i)opM h HMeiomafl 
3HabieHH5j B QH, onpe^ejifleTCfl cjie^yiomHM o6pa30M: 

ecjTH 2n(/3) = p, TO cymecTByeT nocjieflOBaTejibHOCTb BemecTBennbix HHceji, 

TaKHX, HTO: (pn) G p, VI 



TeopeMa C2: Ecjih - peryjiapHoe MHOxecTBO, h 2U(/3) « 1, to /? 

peajibHa b ( ) . 



^oKaaaTejibCTBo TeopeMbi C2: T.k. 2II(/i) ~ 1, to no Onpe^ejiennflM 2.7.1.12 
H 2.7.1.11: fljifl Bcex nojioxHTejibnbix BemecTBennbix nnceji e: 



Cjie^OBaTejibHO, no nynxTy 3 TeopeMbi 2.7.1.1: fljia Bcex nojioxHTejibnbix 
BemecTBen-Hbix e: 








TaKHM o6pa30M, no TeopeMe CI: 




T.e.: 



lim w.. 



'n 
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CjieflOBaTejibHO, no OnpeflejienHio 2.7.1.3: 

{A;eN|^e^fe}e$ix. 



H no OnpeflejieHHK) C6: (3 peajibna b i^kj □ 
TeopeMa C3: Cyni;ecTByeT V-^ywufiR. 

/l^oKasaTejiBCTBo TeopeMbi C3: Ho TeopenaM C2 n 2.7.1.1: 2U(/3) ecTb P- 
4)yHK^H^^ b CStk) □ 



5 KsaHTOBaa Teopna 

5.1 Co6biTHH H ypaBHeHHH ^BH:aceHHH 

06o3HaHHM: 



X = (a;i,a;2,...,a;^), 
X (t, x) , 



j rf/^+i^t/y j dxi j dx2--- j dx^, 

OD OO OO 



-OO — OO 



A{D) GsnanaeT {A {t, x) & < (t, x) e I? >). 
IlycTb P - jiorHHecKafl (J)yHKn,Hfl BepoiJTHOCTH. 

H nasbiBaio a6coAmmHou nAorrmocmbm BepojiTHOCTH co6biTH5j A (J)yHKLi,Hio pa {x) 
TaKyio, HTO fljiH jiK)6oH o6jiacTH Z): ecjiH D C to 



J d'^+^x-pA {x)=V{A{D)). 



D 

EcjiH J - flKo6HaH npeo6pa30BaHHii 



•\/l — 



a;. -4 = ^1=^, (105) 
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TO 

d (t, x) 

HosTOMy a6cojiiOTHafl njioTHOCTb BepoHTHOCTH HHEapnaHTHa OTHOCHTejibHO npe- 
o6pa30BaHHii Jlopeniia. 

EcjiH 



PA (i,x) 



PA {t, x) 



TO Pa {t, x) npeflCTaBjiHGT njiomHocmh pacnpedejieuun BeposTHOCTH A b momght t. 
B npeo6pa30BaHHflx Hlfl5|l : 



PA (t, X) -> p'^ {t, X) 



PA (t, x) 



/ d^'y -pAit + v {yk - Xk) , y) ' 



CjieflOBaTejibHO, pa ae HHBapnaHTHa OTHOCHTejiBHO 3thx npeo6pa30BaHHH. 

^ajiee a paccMaTpHBaio coGmtha A {x) , ^jih kotopmx pa npe^CTaBJiaeT HyjieByro 
KOMnoHeHTy HeKOToporo 3 + l-BeKTopnoro nojia j ^ 

(■La " i-UfijU) = ijA.0,jA,l,jA.2^ ■ ■ ■ liA,^))- 

To ecTb HaiiflyTCfl BemecTBeHHbie (jjyHKiiHH jA,k (x) Taxne, ^to: 



H B npeo6pa30BaHHHx Ijlfl5|l : 



PA = jAfi 



JA,0 ]a,0 

jA.k Jam = 

jA,s .As = 



jA,a - VjA,k 



JA.k - vjA,0 



jA,s flJifl s ^ k. 



06o3HaHHM: 



T def 
i2 — 



1 
1 



02 








/3 



[0] def 



l2 O2 

02 12 



MaTpHijbi IlayjiH: 
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CTl 



1 

1 



, 0-2 = 



f73 = 



MHOJKecTBO C KOMnjieKCHbix n X n MaTpnii; nasbiBaeTCH KAU^^opdoeuM mho- 
CHcecmeoM pama n ecjin BbinojiHHiOTCfl cjie^yiomHe ycjiOBHa: 

eCJIH afc G C H Q!r S C, TO a^ar + arUk — '2Sk,r'-, 

ecjiH atar + UrUk = 2Sk,r flJifl Bcex sjieMenTOB Ur MHOJKecTBa C, to ak € C. 
/lajiee flo cneiiHajiBHoii OTMeTKH nycTb /i = 3. 

EcjiH n = 4, TO KjiH(J)4)opflOBO MHOJKecTBO jih6o co^epjKHT 3 MaTpHLi,bi {Kjiu^^op- 
doea mpouKo), jih6o - 5 MaTpHu, {Kjiu(p(popdoea neHmada). 

CymecTByeT tojibko mecTb KjiHcJxjjopflOBbix nenTa^ jlij) : oflfia Aeznaa, nemnada [3: 



02 



O2 
-(Tl 



/3 



[2] dej 



02 
O2 



[0] dej 



def , 



^[4] dej 



O2 
-0-2 

O2 I2 
I2 O2 



O2 I2 
-I2 O2 



[3] de_f 



(^3 
O2 



TpH v^eemHux neHTaflbi: 
Kpacuasi neHTa^a C: 



O2 
-0-3 



(106) 

(107) 
(108) 



(Tl O2 
O2 -CTl 



[2] _ 



(T2 O2 
O2 0-2 



-(73 
O2 



O2 
-(73 



[0] 



02 



-(71 
O2 



, = -i 



O2 (71 
-(71 O2 



aeAeuGM nenTa^a 77: 



-(71 
O2 



O2 

-(71 



0-2 
O2 



O2 

-^2 



J3] 



-CT3 
O2 



O2 
-(73 



O2 

-(72 



-(72 
O2 



O2 (72 
-(72 O2 
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cuHRR neHTa^a 9: 



-CTl 
O2 



O2 
-CTi 



(72 O2 
O2 cr2 



0-3 O2 
O2 -fT3 



[0] 

7e - 



O2 
-CT3 



-as 
O2 



O2 0-3 
-CT3 O2 



flse BKycoeue neHTa^bi: 
cjiadKOR neHTa^a A: 



O2 -CTi 
-CTl O2 



O2 — (72 
— (72 O2 



O2 -0-3 
-0-3 O2 



-I2 O2 
O2 I2 



O2 I2 
-I2 O2 



zopbKan neHTa^a F: 



O2 -CTl 
CTl O2 



O2 — CT2 
CT2 O2 



O2 -CT3 

CT3 O2 



" -12 02 ■ 


rW - 


■ O2 I2 " 


02 12 . 




I2 O2 



TaK KaK cjieflyiomafl cncTeMa Heibipex BeinecTBeiiiiMx ypaBnenHii c BoceMbio 
BemecTBeHHbiMH HeH3BecTHbiMH: , npn 6>0,a,/3,X,6',7,w,A 



-PA, 



cos^ {a^ sin ^2 /3j cos {1-1^- 
■ siv? sin ^2 cos {v — \^ 
^ —'^ [c^ sin ^2 pj sin {o - 7) 



cos 



-3A,2, 



(^aj sin ^2 sin (j) — \ j 
6^ ^cos^ (a^ cos (^2 - sin^ (jxj cos (2 x)^ = -jA,3- 



(109) 



HMecT pemeHHH fljia jiioSbix pA h iA,fe, to npn 
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(^1=6 exp 7^ cos cos 
ip2 =b exp 0^ sin f /3 j cos 



ip3 =b exp a) cos (x^ sin (^aj , 
ip4, = b exp sin ^X^ sin (a^ 



4 4 



= -EE^:/3i>. (110) 

fe=l s=l 

c a e {0,1,2,3}. 

EcjiH S-BBKTop ua onpeflBJiflBTCfl k&k 

def /-.-.-. \ 

JA = PAUA, (111) 

TO Ua npe^CTaBJifleT AOKaAbwym CKopocmb pacnpocmpaHenuji eepojimHocmu co6u- 
muR A. 

06o3HaHHM: 



dk ^= d/dxk; 

„ Def „ Def „ ,„ 
dt = do = d/df, 

d'k ^- d/dx'k, 

C)0 OO OO 

E E E E • 

k fci=— OO fc2 = — OO A:3=— OO 

51 paccMaTpHBaio co6biTHfl, noflHHH5Jioin;Hec5j cjieflyioin;HM ycjiOBHHM: cymecTBycT 
Kpome^Hoe BemecTBennoe nojioxHTBJibHoe hhcjio h TaKOB, hto bcjih |a;r| > ^ (r € 
{1,2,3}), TO 

ipj {t, x) = 0. 

IlycTb (V) - o6jiacTb, fljia KOTopoii: x e {V), bcjih h tojibko bcjih \xr\ < f flJifl 
r e {1,2,3}. To ecTb: 



/ (fx = j dxi I dx2 I dx3. 

hv) J-i J-i J-i 
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nycTbje{l,2,3,4}, /ce{l,2,3,4} 

ECJIH 



def 

W,p(i,x) = exp(i/i(wt- px)) . 



TO pa^ $ypbe pjiR tpj {t, x) HMeeT cjie^yiomyio (J)opMy: 

(^1 — ^ ^ Cj^tjj^p^^^p (t, x) . 



def 

06o3HaHHM: ipj^y^^p {t,x) = cj^ (i,x). 

IlycTb (f, x) - KaKaa HH6yflb npocTpancTBeHHO- BpeMeHHaa TOHKa. 

0603HaHHM 



A ^^-^ I 



- SHaneHHe (JjyHKijHH ipk,w,p b stoh tohkb, 
a 



Cj 5t(Pj>,p (^ts^c,<Ps,w,p |{t,x) 



= 1 a=l 



SHaneHHe 



3flecb j4fe H Cj - KOMnjieKCHbie nncjia. HosTOMy cjieflyiomafl CHCTeMa ypaBHeHHfl: 



^j,k,w,p ~ ~^k,j,w,p 



(112) 



npe^CTasjiHeT CHCTeny h3 20 ajire6paH^ecKHx KOMnjieKCHbix ypaBiienHii c 16 
KOMnjieKCHbiMH HeH3BecTHbiMH Zk,j^w,p- Qi8l CHCTeMa MOJKCT 6biTb npeo6pa30BaHa b 

CHCTCMy H3 8 JIHHeilHblX BemeCTBeHHblX ypaBHeHHH C 16 BemeCTBCKHblMH HCHSBeCTHblMH 

Xs,k ^{Zs,k,w,p) fl-na s < H ys,k Im (^;s,fe,^,p) flJia s <k: 
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-yi,ibi 4 


- 2:1,202 - 2/1,262 + 2:1,303 - 2/1,363 + 2:1,404 
= —hwbi — hp^bi — hpib2 + hp2a2, 


- 2/1,464 


2/iaai + 


2:1,262 + 2/1,202 + 2:1,363 + 2/1,303 + 2:1,464 ^ 
= hwtti + hp^ai + hpia2 + /1P262, 


- 2/1,404 


-xi,2ai - 


- 2/1,2^1 - 2/2, 2&2 + 2:2,303 - 2/2,3^3 + 2:2,404 

= —hwb? — hvTbi — hjjna^ + hn-ibo. 


- 2/2,4&4 


-a;i,2&i 4^ 


- 2/1,201 + 2/2,202 4- 2:2,363 + 2/2,303 + 2:2,464 
— hwa2 + hpiGi — hp2bi — /1P3O2, 


+ 2/2,404 


-xi^sai - 


- 2/1,3^1 - 2:2,302 - 2/2,3^2 - 2/3,363 + 2:3,404 

= —hwby, + hp^bs + hpib4 — /1P2O4, 


- 2/3,464 


-a;i,3&i 4 


- 2/1,301 - 2:2,362 + 2/2,302 4- 2/3,303 + 2:3,464 
~ hwaz — hp^az — hpia^ — /1P264, 


+ 2/3,404 


— a:i^4ai - 


- 2/1,461 - 2:2,402 - 2/2,462 - 2:3,403 - 2/3,463 
= —hwbi + ^^163 + ^P203 — hp^bi, 


- 2/4,464 


—0:1,461 4 


- 2/1,401 - 2:2,462 + 2/2,402 - 2:3,463 + 2/3,403 
= ft.ii;a4 — hpiQs + hp2b3 + hp^ar, 


4- 2/4,404 


— ReAk H 


bk = Im^fc.) 





3Ta CHCTena HMeeT pemeHHa no Teopene KponeKepa-KanejiJiH. XlosTOMy b KajK^oii 
TOHKe (t, x) cymecTByeT Taxoe KOMnjieKcnoe ^hcjio 2j,fc,«,.p|(t,x)- 

IlycTb Ku,,p - jiHHeiiHbie onepaTopbi na jinneiiHOM npocTpancTBe, naTHHyTOM na 
6a3HC H3 4)yHKLi;HH ?t„,p (t,x), TaxHe, ^^T0 



"i^/ J ?™',p', if w = w', p = p'; 
,p<r^',p' - I 0, if w ^ w'hjih/h p ^ p' • 



IlycTb Qj^k - onepaTop TaKoii, ^to b KajKflofi tohkb (i,x): 



?i,fc|(t,x) — (^j,/c,tu,p|(t,x)) ^■u),p 



u',p 



CjieflOBaTejibHO, jijir KajK^oii dpynKUfivi ipj cymecTByeT onepaTop Qj^k TaKoii, hto 
3aBHCHM0CTb ipj OT t onHCbiBaGTCfl cjieflyiomHM flH(|)(|)epeHLi;HajibHbiM ypaBHeHneM^: 



dt^j = E + ^fl^^ + /^S^s + Q,,k) ^k. (113) 

/£=1 

H — Sm,,p (^j,/c,t«,pl(t,x)) '«ti>,p = ~Qk,]- 



^3Ta CHCTeMa ypaBHenHft noxojKa na ypasHeHHe ^npaxa c MaccoBoft MaTpHijeft |2n| . |21| . |22| . 51 
Bbi5paji TaKyK) (jjopuy SToii CHCTeMti fljia Toro, iTo6bi BbipasHTb noBefleHHe pa {t, x) cnHHopauH h 
ajiGMGHTaMH KjiH(J)(J)opflOBa MHo:acecTBa. 
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B 3T0M cjiyHae, ecjiH 



TO H HasbiBaeTca zaMUAhmonuaHOM flBHJKeHHH c ypasHeHHeM . 

IlycTb H - HeKOTopoe rHjib6epT0B0 npocTpancTBO, na sjieMenTax KOToporo 
onpe^ejieHbi jiHHeiiHbie onepaTopbi ^ps (x) co cjie^yioinHMH CBoiicTBaMH: 

1. H co^epjKHT ajieMBHT $0 TaKofi, ^^to: 

$J$o = 1, 



V'.^o = 0, $5^1 = 0; 



2.7.1. 



3. 



IlycTb: 



H3 lfTTI| : 



ll)s (x) (x) = 0, 



V'! (x)^t(x)=0; 



{4 (y),^. (x)}^=-^ 
i^l- (y) V-s (x) + V. (x) Vl. (y) = (y - x) 5^.,. 



4 

*(^,x) =^'^^,(i,x)V^t(x)ci,„ (115) 



*t (t, x') (t, x) = ^ (t, x') (t, x) 6 (x' - x) 
To ecTb H3 lllir)|l : 



(114) 
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J dx' {t,x')^{t,^)^ PA {t,x) 



OnepaTop Ti., onpeflejieHHbiii k&k: 



n {t, x) Yl 'f's (^) E ^) (^) 



fe=i 



HasbiBaeTCfl nAonmocmbw zaMUAbmoHuaua H. 



(116) 



H(i,x)^'(t,xo) = at*(t,xo). 



CjieflOBaTejibHO, njiOTHOCTb raMHjibTOHHana onpe^ejiaeT HSMeneHHe no speMeHH 

BepOflTHOCTH C06bITHfl A B npOCTpaHCTBeHHOH TO^Ke Xq. 

51 HasbiBaio onepaTop "0^ (x) onepamopoM poatcdenusi, a "0 (x) - onepamopoM 
yHuumooKeHusi eeposmiHocmu co6biTHfl A b TOHxe x. OnepaTop -0^ (x) ne HBjiaeTca 
onepaTopoM pojKflenHa nacTHiibi b TOHxe x, ho stot onepaTop HSMeHseT BeposTHOCTb 
co6biTHa A B SToii to^kb. AnajiorH^HO - ^jia V (x). 

MaTpH^Haa (Jjopna (jjopMyjibi (jll^^|l HMeeT cjie^yiomHH bh^: 



(117) 



il?l,2 + tI7i,2 i??2,2 i??2,3 — ■i372,3 1^92,4 — ^2A 

il9l,3 + 071,3 i??2, 3 + ^^2,3 i'?3,3 il?3,4 - "073,4 

i??l,4 + t77i,4 il32,4 + 11^3,4 + 1373,4 ^4,4 



c Ws,k = Re {Qs,k) H ??s,fc = Im {Qs,k)- 

IlycTb 00, O3, To H T3 - pemeHHe cjie^yiomeii cncTeMbi ypaBneHHii: 
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-eo + e3-To + T3-i?i,i; 

-eo-e3-To-T3=^?2,2; 
-eo-e3 + To + T3=i?3,3; 

-Oo + 63 + To - T3= ^4,4 



4) 61, Ti, 62, T2, Afo, Mi, Mi,o, Mi,4, M2,o, ^2,4, M3,o, M3,4 - pemenHa 
cjieflyiomHx CHCTeM: 



H3 lITTTt : 



ei + Ti=i?i,2; 

-ei + Ti=,93.4; 



-62 
62- 



- T2= '!I7i_2; 
T2= ^73^4; 



Mo + M3,o= i?i,3; 

Mo - M3,o= •&2a; 



M4 + M3^4= roi^3; 
M4 — M3 4= tZ72 4; 



Mi.o - M2,4= 1?1,4; 

Mifl + M2,4= 1^2,3; 



Afl,4 - M2fi= Wi^i, 
Mi,4 + M2,o= -1^2,3 



(at + ieo + iTo7''i)<P = 

fnl ,_r^i 



-iMi,o7|°' -iMi,4CW- 
-iAf2,07!"' -iM2,4??'^l- 
-iAf3.o7e'" - 1^3,4^^ 



(118) 
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[5] def 



I2 O2 
O2 -I2 



Sflecb cjiaraeMbie 



coflepjKaT sjieMeHTbi iiseTHbix neHTa^, a 



fc=i 



?[4] 



co^iepjKHT TOJibKO sjieMeHTbi jierKOH neHTaflbi. 51 nasbiBaro cyMMy 
if, 'il ^ /3[''^1 (ia, - - Tfc7[^l) - Afo7^"l - M4/3 



[4] 



fc=l 



jienmoHHHUM (3 h) saMUMmoHuaHOM. 

5.2 BpameHHa CHCTeMbi X50a;4 h S-6030HH 

EcjiH onpeflejiHTb llllfl|l : 

H itTTTll: 



de/ . def . 

PAUAA = M,4 H PAUA,5 = JA,5, 



TO 



* f * * f * *\ * * I* 

-UA,5 = sin 2 a I sin (i sin X cos ( — + w 1 + cos /3 cos X cos ( 7 — 
-Uyi 4 = sin 2 a ( — sin /3 sin X sin f — + i-") + cos cos X sin (7 
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IlosTOMy H3 1110911 : 



'■A.l ^ "A. 2 ^ "A. 3 ^ ^ "A. 5 



1. 



CjieflOBaTejibHO, tojibko bcg nsTb sjieMenTOB KjincJxJjopflOBoii neHTaflbi ^aiOT 
nojiHbiH Ha6op KOMnoneHT CKopocTH. HoBH^iHMOMy CTOHT K HaniHM TpeM npocTpancT- 

BeHHblM KOOpflHHaTaM Xl,X2, X3 flo6aBHTb 6111,6 ^B6 KBa3HnpOCTpaHCTB6HHbI6 KOOpflHHa- 
Tbl 0:5 VI Xi. 9th ^OnOJIHHT6JIbHbI6 KOOp^HHaTbl MOryT 6bITb Bbl6paHbI TaKHMH, HTo6bI 

TT Vr TT TT 

X4 H X5 H6 flBJIfllOTCfl KOOp^IHHaTaMH KaKHX-HH6yflb co6biTHii. HosTOMy HaniH 
npH6opbI H6 o6Hapy}KHBaK)T HX KaK npOCTpaHCTB6HHbI6 KOOp^IHHaTbl. 

IlycTb: 



(f{t,Xi,X2,X3,X5,X4) '^^ Lp{t,Xi,X2,X3) ■ 

■ (exp (-i {X5M0 {t, xi,X2,X3) + xaMa {t,xi,X2,X3)))) . 

B 3T0M cjiy^ae ypaBHeHne flBHJKeHna c jienTOHHHbiM raMHjibTOHHaHOM HMeeT 
cjieflyiomHii bh^: 

( ^ /^[^i (\d^ - - T^7[5i) + ^Mi^s + p^^hdA ^ = o. (121) 

IlyCTb gi - H6KOTOp06 nOJIO}KHT6JIbH06 B6LLI,6CTB6HH06 HHCJIO, H flJIfl € {0, 1, 2, 3}: 

i^^ H i?^ npeflCTaBjiaeT pemeHne cjie^yiomeii CHCTeMbi ypaBHenHii: 



-0.55iS^ + F^=-e„-T^,; 



Mampumi 3apsida onp6^6Jifl6M cji6;iyiOLLi,HM o6pa30M: 

Def 



Y 



U O2 

O2 2 -12 



CjI6;iOBaT6JIbHO, H3 H121|l : 



/?'^' (i^M + F^+ O.hgiYB^) + -i^^'hd^ + /3Wia4 J = 0. 

VM=0 / 



(122) 
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IlycTb X xi,X2tX^) - semecTBeHHaa (jDyHKiina, h: 



u{x) 



def 



exp (i|) I2 O2 
O2 exp (ix) I2 



(123) 



Tax KaK 



M 2 



C/t/3[4][7^/5[4] cos^-7M sin^, 
C7^C7= I4, 

fljifl k € {1, 2, 3}, 

TO ypasHeHHe ^iBHJKeHHfl Ijl22|l HHsapHaHTHO OTHOCHTejibHO cjie^iyiomero npeo6pa- 
30BaHHfl (noBopoTbi 2:40x5): 



X4, ~ 


-> X4 - 










Y - 






► if = 











X X 
X4 cos - - 0:5 sin-; 

X , ■ X 
X5 COS + sm -; 



: C/Ty[/ = Y; (124) 

= 9^X, 

51 



CjieflOBaTejibHO, noflo6HO i3-6o30HHOMy nojiio CTaHflapTHoii Moflejin. 3 
HasbiBaro sto nojie B-6o30hhhum. 



5.3 MaccBi 

IlycTb (/i e {1, 2, 3, 4}) - 6a3HC, b KOTopoM jierKaa nenTa^a HMeeT (Jjopny Hlflfi|l . 
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CnHHopHbie (jjyHKiiHH THna 

exp {-ih {sxa + nxs)) 

c ijejibiMH n H s o6pa3yiOT opTHopMHpoBaHHbiii 6a3HC HeKOToporo jiHHeiiHoro 
npocTpancTBa 3 co cjie^yioinHM CKajiapHbiM npoHSBe^eHHeM: 

'^dxs rdxi-{^-x). (125) 
B 3T0M cjiyHae h3 Ijll0|l : 

(126) 

fljia^e {0,1,2,3}. 

FaMMjibTOHHaH HaabiBaeM nAauKoeuM zaMUAbmoHuanoM, ecjin cymecTByiOT (i)yH- 
KiiHH iV^ (i, a;i, X2, 2:3) H A^ro (t, a:i, a;2, xa), HMeiomHe o6jiacTb 3Ha^^eHHii b MHOJKecTBe 
ijejibix HHceji, fljifl KOTopbix: 



Mo = A^tf/i H M4 = N^h. 
B 3T0M cjiyHae pa^ "Jypbe pjia ip HMeeT cjie^yiomHH bh;;: 

= ip{t,Xi,X2,X3) ■ 
■ J2n,s ^-n,JV^(t,x)<5-s,Ar„(t,x) exp {-ih (nX5 + SX4)) 

rfle: 



^ ^ /"'' r;,^ ^^ r^r;, ^w sin (tt (n + iV^,)) 



27r TT (n + A"^) 

/i /"^ ,., , ,, , ^ , sin (tt (s + Af'j:^)) 

— / exp (ih [sxA ) ) exp [iN^hxA j dx^ = — — 

27r7_x i^[s + N^) 



c ijejibiMH n H s. 

ECJIH 0603HaHHTb: 



Def 

(j){t,X,-n,-s) = </5(t,x)5„^Ar^(t,x)<5s,Ar„(t,x), 
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TO 

= Y^n^s 't' {t, X, n, s) exp {-ih {nx^ + sx^)) . 

Ilejibie HHCJia n h s nasbiBaiOTca MaccoeuMU hucmmu. 
Hs CBoiicTB 4)yHKLi,HH S: B KajK^oii TO^xe (i, x): jih6o 

ip{t,X,X5,X4) = 0, 

jih6o Li,ejibie HHCJia no h sq cymecTByroT, fljiR KOTopbix: 

ip{t,:>C,X5,X4) = 

= 4> [t, X, no, So) exp {-ih (noxs + soa;4)) ■ 

S^ecb ecjiH 



(127) 



(128) 



TO 



Def / 9 9 

mo = yn-^ + So 



Def 

m ~ nmo 



HasbiBaeTCfl muccou (jayHKiiHH tp. 

To ecTb fljifl KajKfloii to^kh npocTpancTBa-BpeMeHH: jih6o STa TOHxa nycTaa, jih6o 
B SToii TO^Ke noMemaeTCfl e^HHCTBeHHaa Macca. 

YpaBHeHHe ^BHJKenHa Ijl22|l npn npeo6pa30BaHHH () 12411 npHHHMaeT cjie^yiomyio 
(JjopMy: 

• exp {—ih {n'x^ + s'a::4)) Ucj) = 



n' = n cos f — s sin ^ , 
s' = nsin ^ + scos ^. 

Ho S H n flBJIflK)TCfl LI,ejIbIMH HHCJiaMH, H s' H u' JlfllUKmA OCTaBaTbCfl TOJKe LI,ejIbIMH. 

TpoHKa {X;n,s) ijejibix hhcbji HasbiBaeTca nu(pazopoeou mpouKou j2|, ecjin 
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IlycTb e - MajieHbKoe nojiojKHTejiBHoe BemecTBeHHoe hhcjio. L[ejioe hhcjio A 
HasbiBaeTca nucjio-omev, c moHHOcmbw e ecjiH ^jia KajK^oro BemecTBeHHoro ^HCJia x h 
fljia KajK^OH nHcJjaropoBOH TpoiiKH (A; n, s): cymecTByeT nnc^DaropoBa TpoHKa (A; n' , s'), 
fljia KOTopofi: 

|— ssin ^ + ncos ^ ~ n'\ < e, 
I s cos ^ + n sin ^ — s' I < e. 

JJm jiK>6ozo e: cyinecmeyem 6ecK0HeHH0 mhoso nuceji-omvfie c moHHOcmbw e. 
5.4 O^HOMaccoBbie coctohhh5i, HacTHij;bi h 

aHTHHaCTHLi;i>I 

nycTb itnTIi : 

4 

(p{t,x,X5,X4) = exp (-i/inxs) ^ 0fe (i,x, n, 0)efc. 

k=l 

B 3T0M cjiyHae raMHJibTOHHan HMeeT cjie^iyromnii bh^ fH3 ll22ll : 

3 

fc=i 

c 

EcjiH 

i/o ='E/3'''i9fe + /.n7M, (129) 

k=l 

TO 4)yHKLI,HH 

Ml (k) exp (— i/ikx) h U2 (k) exp (— i/ikx) 
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c 



+ n + 
ki + ik2 
a; (k) + n — fcs 
-ki - ik2 

ki — ik2 
a; (k) + n — fcs 

-fci + i/c2 
w (k) + n + fcs 

Def 

aBJiaiOTCfl C06cTBeHHbIMH BeKTOpaMH fl/lSi Ho C C06cTBeHHbIM SHaneHHeM OJ (k) = 

■\/k^"+^, a (JjyHKiiHH 

M3 (k) exp (— i/ikx) h U4 (k) exp (— i/ikx) 

c 

— w (k) — n + ^3 

fci + i/,:-2 
w (k) + n + fca 
fci + ifc2 

fci - ifc2 
— w (k) — n — fc3 

fci - ifc2 
a; (k) + n — fca 

- C06CTBCIIII1.IMH BCKTOpa.MH ^I^JISI H[) C Co6cTBeHHbIMH 3Iia.HCIIHaMH —UJ (k). 

3flecb (k) (jjopMHpyiOT opTOHopMHpoBaHHbiii 6a3HC b npocTpancTBe, HaTHHyTOM 

Ha BeKTOpbl Cfj,. 

IlycTb: 

^-'^ (i) ' ^ /v-) ■ ^""^ ^"'^ ■ 

B 3T0M cjiynae Tax KaK 



wi (k) 



De/ 



(k) (w (k) + n) 



U2 (k) 



De/ 



2 (k) (w (k) + ^ 



U3(k) = 



2 (k) (w (k) + n) 



Ui (k) 



De/ 



2^0; (k) (w (k)+n) 
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(k)Mr,i' (k) = Sj^j', 

r=l 

TO 

4 

V-, (x) = J2 e"'"''" E ^-'kZi.,, (k) (130) 

k r=l 

H 

{<k'.^!;,k} = o = Kk',6.,k}, 

fer.k*0 = 0. 

IljiOTHOCTb raMHjibTOHHana ^jia i/o HMeeT bh/;: 

4 4 

Ho (x) = E V4 (x) E ^o,,.fcV'fc (x) . 
CjieflOBaTejibHO, h3 H13fl|l : 

/ • Ho (X) = f ^) E'^'^(k). (E^'U^r-.k-E^U^k 

•^(V-) V / k \r=l r=3 

IlycTb npeo6pa30BaHHe fl>ypbe ^jih f HMeeT bh^: 

4 

{t, x) = E E p) (p) 

p r— 1 

C 

c. (t, P) f f ) ' E / ■ (p) e"^"' 

51 HasbiBaio (jDyHKiinio (^j (t, x) o6uhhou, ecjin cymecTByeT BemecTBeHHoe ^^HCJIO if, 
fljifl KOToporo: 

ecjiH \pi\ > if hjih/h |p2| > hjih/h jpaj > iiT, to Cr (t, p) = 0. 
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B 3T0M cjiyHae o6o3Ha^aeM: 



L L L 

Def 



E = E E E • 

pea pi = -L p2=-L p3 = -L 



EcjiH ipj (t, x) - o6bi^Hbie 4)yHKLi;HH, to 



(i, x) = ^ ^ c. (t, p) u,,, (p) e-^'P^. 
pes r=l 



CjieflOBaTejibHO, h3 



4 4 



* ^) - E E E E p) E (k) (p) ^^,k<i>o 

p r— 1 k r' — 1 J — 1 



1^ d3x.*(t,x)= (^^)'^^c„(i,p)6tpci,,. 



3 4 

'(^) v"^ ?S 

EcjIH 0603HaHHTb: 

3 4 



$(i,p)''=^'f^)'E^^(*'P)^^,p*0' 



TO 



/ d3^.vl/(t,x) =^vl/(t,p) 



i?o* (i, p) = ( — ) ^ /lo; (k) . ( ^ cr (t, k) 6^^ci>o - ^ {t, k) fe^k^c 



k \r— 1 r— 3 



Ha MHo:^ecTBe o6biHHbix 4)yHKLi,HH Hq SKBHBajieHxeH onepaxopy: 

^ ^ ke3 \r=l r=3 / 
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Tax KaK (h3 JTSIl) 



^ \ 3 



2tt 



TO 



(x) ^ ( ^ ^^^k^-k + E ^kfo^k J - E (k) • (132) 



IlycTb: 



H nycTb: 



B 3T0M cjiyHae: 



(k)^=St°l"3 (k), 

«(2) (k)'?lSt°l«4 (k), 

(k) ^=''^ ui (k) , 

M(2) (k) ^■'^ U2 (k) . 

di (k)^=i^-6U-k), 
d2 (k) ''=^ -6i (-k) . 



(133) 



V'. (^) = E E (e"""'''^",k^(o),, (k) + e^'^-dl^v^^),, (k)) 

k a=l 

H H3 Ijl32|l Wick-ynopflflo^eHHbiii raMHJibTOHHan HMeeT cjie^yiomyio (J)opMy: 



; n-AenmoHHtt c 



3flecb J. - onepamop pocHcdenusi, a 6Q,k - onepemop yHunmooKeHun n 

UMuyAbcoM k H cnuHoeuM undeKCOM a; ^ " onepamop pocHcdenusi, a da^v: - onepemop 
yHUHmootcenusi aumu-n-AenmoHHa c UMnyAbcoM k h cnuHoeuM undeKCOM a. 

•PyHKiiHH: 

(k) exp (— i/ikx) h U(2) (k) exp (— i/ikx) 
HasbiBaroTca SaaucHUMU n-AenmoHHUMU (pyuK'nusiMU c HMnyjibcOM k, h 

(k) exp (i/ikx) hw(2) (k) exp (i/ikx) 
HasbiBaiOTCfl 6a3UCHUMU anmu-n-AenmoHHUMU (fiyuKvi^usiMU c HMnyjibcOM k. 
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5.5 /l^ByxMaccoBoe cocToaHne j23j . |24| 



PaccMaTpHBaeM noflnpocTpancTBO 3j npocTpancTBa 5, HaTflnyToe na cjie^yioinHH 
no;i6a3HC: 



3 = 



exp {-ih {snXi)) ei, ^ exp {-ih (soa;4)) £2, 
^ exp (-i/i (soa;4)) ea, ^ exp (-i/?, (soa;4)) £4, 
^ exp (-i/i (noxs)) ei, ^ exp (-i/;, (noa;5)) £2, 
^ exp (-i/i (noa;5)) £3, ^ exp (-i/i (noa;5)) £4 



C HeKOTOpblMH HaTypajIbHblMH So H no. 

IlycTb U - KaKoe-HH6yflb jinneiiHoe npeo6pa30BaHHe b npocTpancTBe TaKoe, hto 



fljifl jiio6oro (y9 : ecjiH S 3,, to 



(134) 



fljifl ^ e {0,1,2,3} ifT^ . 

B 3T0M cjiyHae: 

^jia KajKfloro TaKoro npeo6pa30BaHHH U cymecTByiOT BemecTBBHHbie (jjyHKiiHH 
x(t, x), a(t,x), a{t,x), 6(t,x), c(<,x), q{t,x), u{t,x), v{t,x), k{t,x), s{t,x) TaxHe, 

^TO 

C/ = exp (ia)C/(x)C/'~^t/'+^ 

3flecb [/ (x) onpe^ejiaeTCfl 4)opMyjiOH inni, a J7(") h HMeiOT cjie^yiomyio 

MaTpHT^Hyio 4)opMy b 6a3Hce j: 



{t, x) = 5 (a (t, x) , 6 (i, x) , c (t, x) , g {t, x)) 



^51 npHMeHaio cjieflyiomee npasHjio fleiicTBHii: ecjiH ^ h /3 - 4 x 4-MaTpHL(H, h 



Vi,i Vi.a 

V2,l V2,2 



TO 



/3V 



def 



V/3 



def 



Vi.ilB Fi,2/3 

^2,1/3 V2,2/3 
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(t, x) + \? {t, x) + {t, x) + {t, x) = 1 



S(a,6, c, 



(a + i&)l2 O2 (c + ig)l2 O2 

def O2 I2 O2 O2 

(-c + i(7)l2 O2 (a-i6)l2 O2 

O2 O2 O2 I2 



, x) - R{u {t, x) , ti (t, x) , /c (t, x) , s (t, x)) 



(i, x) + {t, x) + fc2 (t, x) + {t, x) = 1 



H C 



R (u, w, k, s) 



def 



I2 O2 O2 O2 

O2 (U + W)l2 O2 (fc + is)l2 

O2 O2 I2 O2 

O2 (-fc + is)l2 O2 {u-iv)l2 



cooTBeTCTByeT aHTHjienTOHHaM, t.k. 
PaccMaTpHBaeM U^~\ 
IlycTb: 



'="'^ «o (a, 6, g, c) , 4 '=''^ «* (a, b, q, c) 



Jo (a, b, q, c) 



def 



(6+y(T^)l4 
(q + ic) I4 



{q - ic) I4 



(l-a2)-6 



I* (a, 6, 9, c) 



dg 1 [ (7(1^ - b) I4 (-<Z + ic) I4 

~ 2^/(1 -a2) [ (-g-ic)l4 (5+ V(l-a2)) 
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9th onepaxopbi no^HHHHiOTCH cjie^yiomHM ycjiOBHHM: 



£o£^ — — £^£o ^ 
(to - £*) {io - Q = Is, 
L + e* = Is, 



-) 



[/(-)t^[4]^(-) = a^[4] + _ Q VT^tI"!. 
H3 (jl22ll : jienTOHHoe ypasHeHHe ;iBH>KeHHa HMeeT bh^: 

EcjIH 

fljia fc e {0, 1, 2, 3, 4, 5}, to 
CjiefloeaTejibHO, h3 l|137|l : 

c/(-)t +^[o]i (0 ^3 _ _ vT^a4) c/*"^^ = 

TaKHM o6pa30M, ecjin o6o3Ha^^HTb: 



2^4 = {(-o + i*) aXi + {lo — i*) vT— (?X5 

= (^o + 4) aa;5 — {£0 — 4) Vl — a'^x^, 



TO 
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f 3 



/3M (0^ + i^^ + 0.551^5^) + + /3Wia^j J ^' = 0. (139) 



To ecTb jienTOHHbiii raMHJibTOHHaH HHBapnaHTeH OTHOCHTejibHO cjie^yiomero rjio- 
6ajibHoro npeo6pa30BaHH5j: 



X4^x'i = (4 + 4) aa;4 + - 4) a/1 - a^aJs, (140) 
X5 —^ x'q = {£o + £*) ax5 — {£o — £*) -\/l — a'^Xi, 



5.5.1 HeiiTpHHHo 

IlycTb: 

if (t,x,a;5,a:4) = 

= exp {-ihsoX4) J2t=i ^4,r {t, X, 0, sq) £r + exp {-ihnoxs) J2t=i 4>^,r no, 0) 
8-BeKTopbi B 6a3Hce j: 







uj (k) + no + /cs 

/ci + iA;2 
uj (k) + no - fcs 
— fci — ife 



(k) 



2^0; (k) {uj (k) + no) 
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ki — ik2 
u) (k) + no - fcs 

-ki+ \k2 
uj (k) +no + ks 

cooTBeTCTBviOT co6cTBeHHbiM BeKTopaM fljiH Ho^i c coScTBeHHbiM SHaneHHeM uj (k) = 
\/\s? + riQ, a 8-BeKTopbi 







-UJ (k) - no + fcs 

/ci + \k2 
UJ (k) + no + fcs 
fci + ife 

H 







fci - ifc2 
-w (k) - no - fcs 

/ci - ife 
a; (k) + no - A;3 

COOTBeTCTByKDT Co6cTBeHHbIM BSKTOpaM flJIH /?0,4 C Co6cTBeHHbIM 3HaHeHHeM —UJ (k) . 

IlycTb 

ii;(k)^=i^'[/(-)^,(k). 

To ecTb 



U2(k) = 



2^uj (k) (w (k)+no) 



U3(k) = 



2^0; (k) {uj (k) + no) 



/, X Def 
U4(k) = 



2^uj (k) (w (k) + no) 



95 



«'i (k) 



2^u; (k) {uj (k) + n) 



{c + iq) {uj (k) + 
(c + iq) (fci - 



(a - i6) (w (k) + 
(a — i6) (fci - 
UJ (k) + no 



no + ks) 



no + ks) 

'ik2) 

-k3 



-ki — ifc2 



li2 (k) - 



2^u;{k) {uj {k)+no) 



(c + iq) (fci -ifc2) 
(c + igf) {uj (k) + no - ^3) 



(a - i6) (fci - ifc2) 
(a - i6) {uj (k) + no - fca) 
—fci + ifc2 
cj (k) + no + fcs 



^3 (k) 



2^c^ (k) (w (k)+no) 



(c + ig) (tj (k) + no - fcs) 
(c + iq) (fci + ifc2) 



(a - i6) (w (k) + no - fca) 
(a — ib) (fci + ifc2) 
w (k) + no + fcs 
fci + ifc2 



{c + iq) (fci - ifc2) 

- (c + iq) {uj (k) + no + fca) 



(a — ib) (fci — ifc2) 

- (a — i6) (w (k) + no + fcs) 
fci - ifc2 

w (k) + no - fcs 

Sflecb u'l (k) H M2 (k) cooTBeTCTByiOT co6cTBeHHbiM BeKTopaM fljiR i?o 4 c co6cTBeH- 
HbiM SHaHGHHeM [jj (k) = i/k^ + ng, h Ug (k) h (k) cooTBeTCTByeT co6cTBeHHbiM 
BeKTopaM fljifl 77o.4 c co6cTBeHHbiM snaHeHHeM —uj (k). 

nycTb B l(T33|l : 



(k) = 



(k) (w (k) + no) 
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HosTOMy, 



2^uj (k) {u; (k) + no) 






- (c + iq) {uj (k) + no - k-i) 

(c + i^) {ki + ifc2) 
(k) + no + fcs 
fci + ifc2 

- (a - ib) {lu (k) + no - /ca) 

(a — i6) (fci + i/c2) 



1^(2) (k) = 



2v/cj (k) {iu (k) + no) 







(c + ig) (fci - ik2) 

- (c + ig) {uj (k) + no + k^) 

ki — ik2 
LJ (k) + no - As 
(a - i6) (fci - ifc2) 

- (a — i6) [ijj (k) + no + fcs) 



u'^^^ (k) HasbiBHDeTca 6u-no-jienmoHHUMU, a w^q,-) (k) - 6u-aHmu-nQ-AenmoHHUMU 

6a3HCHbIMH BeKTOpaMH C HMnyjIbCOM k H CnHHOBbIM HH^ieKCOM tt. 

Cjie^OBaTejibHO, 6H-aHTH-no-JienTOHHbie 6a3HCHbie BexTopbi flBJiaroTCfl pesyjibTaTOM 
fleHCTBHH onepeTopa 

BeKTopbi 



*no,(l) 



*no,(2) 



(k) 



(k) 



(a - i6) (a; (k) + no + ^3) 
(a — i6) (fci + ifc2) 
LU (k) + no - fcs 
—fci — ifc2 

(a - \b) (fci - ifc2) 
(a - i6) (uj (k) + no - fca) 
-fci + ifc2 
UJ (k) + no + fcs 



97 



HasbiBaiOTca jienmoHHUMU KOMnoHenmaMU 6H-no-JienTOHHbix 6a3HCHbix BexTopoB, 
a BeKTopbi 



Vno.il) (k) = 



uj (k) + no + /c3 
fci + ik2 





H J^„o,(2) (k) = 



fci - ifc2 
(k) + no - fcs 





HasbiBaiOTca neumpuHHUMU KOMnoHenmaMU 6H-no-JienTOHHbix 6a3HCHbix bgk- 

TOpOB. 

BeKTopbi 



^"0,(1) (k) 



lno.(2) (k) = 



ijj (k) + no + 
fci + \k2 

- (a - ih) {lo (k) + no - ^a) 

(a - i6) (fci + ifc2) 

fci - ifc2 
(k) + no - fc-3 
[a - \b) (fci - ifc2) 

- (a — lb) {uj (k) + no + fca) 



HasbiBaKiTCfl AenmoHHUMU KOMnoHeumaMU aHTH-6H-no-JienTOHHbix 6a3HCHbix bbk- 

TOpOB, a BeKTOpbl 



^^"0,(1) (k) 







{uj (k) + no - fcs) 
fci + ifc2 



D.(2) (k) 







fci - ifc2 
{lo (k) + no + fca) 



HasbiBaroTca neumpuHHUMU KOMnoHenmaMU aHTH-6H-no-JienTOHHbix 6a3HCHbix 

BeKTOpOB. 

5.5.2 3jieKTpocjia6bie npeo6pa30BaHHH 

IlycTb Hll-i8|l He BbinojiHHeTCfl ^jia fc€:{0,l,2,3},H: 



X'^^^/JM (F^ + 0.551^5^) . 



(141) 



B TaKOM cjiyHae h3 Ijl22|l ypaBHeHne ^BHJKeHHfl nojiyHaeT TaKyio (J)opMy: 
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K + Y^ /Jl^lia^ + 7^195 + /3Wia4 ^ = 0. (142) 

V M=0 / 



HosTOMy pjiR cjiye^yiomero npeo6pa30BaHHa: 



~ -/ def l\ _ 



X4 x'a^ {£o + ) ax4 + {£o — i* ) y/T^-a^x^ , 



X5 > 



(£„ + £,)ax5 - (io - Q VT~^X4, (143) 



c 

3T0 ypaBHeHHe HMeeT Taxyro (J)opMy: 



, def 



= x^, AJifl n g {0,1,2,3}, 



[/(-)tx't/(-)+ \ _ 

+ EU (^A. + u^-^' {d,u(-->)) + 7[°iia5 + /3Wia4 j ^ - ^^^^^ 

Cjie^IOBaTejibHO, ecjin 

3 

if' = X-i^/3[^l (a^C/(-))c/(-)^ (145) 
TO ypaBHeHHe II142II HHBapnaHTHO ^Jia jiOKajibHbix npeo6pa30BaHHH l|143|l . 

IlyCTb (72 - HeKOTOpOe HOJIOJKHTejIbHOe ^HCJIO. 
ECJIH 0603HaHHTb (o, 6, C, g H3 

TT^o "ifL/ 2_ <? idf,a) h~q [d^b) a + [d^c) 

9^1 \ +a {d^fi) c + 6 (a^6) c + c2 (a^c) 
TT^i d|/ 2_ / (^mo) - bq (d^c) + a (d^b) b+ 

9-1 y +a {d^c) c + q^ (9^a) + c (3^6) g 

yir2 dg! 2_ 9 (5^a) c - a (9;,a) 6-6^ (9^6) - 

^' 92q\ -c{d^c)b-{d^b)q^ -{d^c)qa 
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W°l2 


02 


{W'^' - iW^-) I2 


02 " 


de_f 


O2 


02 


02 


02 






02 


-M/0.12 


02 




02 


02 


02 


02 



TO 



H H3 mEii, dni, dsi, 



(146) 



^' = 0. (147) 



IlyCTb 



B 3T0M cjiyHae ecjin 



C/' =-^S(a',6',c',9') 



TO cymecTByiOT BemecTBeHHbie cJjyHKiiHH a" (t, x), 5" (t, x), c" (t, x), 5" (t, x) TaxHe, 
^TO U" HMeeT noflo6Hyio 4)opMy: 



tt/I "SJ c f II 1.11 II II \ 

U = b(a ,0 ,c ,q ) 



ECJIH 



/jll d.ef , II II II II, II def , „ 

4 = io{a ,b ,q , c ) , e^, = I* (a ,b ,q , c ) , 



H 



X, -> x'l =^ + O a"x4 + (C - C) yT^^a^s, 
^5 ^ 4' (C + C) a" -^5 - (C - C) v/l-a"2a:4, (148) 
^ 2;^ '=''^ '^•'i^ M e {0, 1, 2, 3} , 
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TO H3 Ill4fill : 



HosTOMy: 



W' = -- (a^t/') u'^ - -u' (d^u^-A t/(-)tc/'t 

52 05 V / 



2i_ 
— i 
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T.e. H3 (I14(ill : 
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KaK B CTaH^apTHofi Moflejin. 



(149) 



YpaBHeHHe ^BHJKeHHfl SU(2) ilnr-Mnjijica hojia 6e3 MaTepHH (nanpHMep b j.25j hjih 
B |26) ) HMeeT cjieflyroniyio (J)opMy: 



c: 



w„ 



(150) 



IlosTOMy ypaBHeHHe flBHJKenHa fljia W^' HMeeT TaxoH bh/;: 

c c,o,o = 1, 31,1 = 52,2 = 33,3 = -1 (T.e.: = W^W^-W^Wx-W'^Wi-W'^W-i. 

B KajiH6poBKe cVq = 0: = - {W^Wi + W^W2 + W^Ws) ). 

W^' H W^' HOfl^HHfllOTCa TaKHM }Ke ypaBHeHHflM. 
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9to ypaBHeHHe MOJKeT 6biTb npeoGpasoBano k cjieflyiomeMy BH^y: 
-gl {W^'^W^' + W^'^W^' + W^'^W^') W°^ + 



Oho noxojKe na ypaBHeHHe KjieHHa-FopflOHa HOJia W^' c Maccoii 

92 [- {W^'^W^' + W^'^W^^ + W^-^W^ )] ^ . (151) 

H C ^OnOJIHHTBJIbHblMH HJIBHaMH BSaHMO^jeiiCTBHfl HOJIfl W^' C flpyPHMH KOMHOHBH- 

TaMH HOJia W. 

"Macca" ljl51|l HHBapnaHTHa OTHOCHTejibHO noBopoTOB h Hpeo6pa30BaHHH Jlopeniia: 



r W^-' = W^' cos A - W^^ sin A, 
\ W^^' = W^' sin A + W^' cos A; 



W^'' = W^' cosh A - W^^ sinhA, 

^rkJ ^ ^rk, pogj^js^ _ ^rk, ^^^^^^ 



c BeniecTBeHHbiM A h c r e {1,2,3} h s G {1,2,3}, h (I151|I HHBapnaHTHO 
OTHOCHTejibHO rjio6ajibHbix HSOcoHHOBbix Hpeo6pa30BaHHH U^^^: 

HO He HHBapnaHTHO OTHOCHTejibHO jioKajibHbix Hpeo6pa30BaHHH II149II 
YpaBHeHHe mojkho ynpocTHTb: 



+92 Eu 9... {w^^^'d^.w^ - w^-^dlwf^- w^'^-d^wl + W^^'^d^W^- 



(3;ieCb HeT CyMMHpOBaHHH HO HOBToparoniHMCH HH^eKcaM cyMMHpoBaHHe 
BbipajKaeTCfl chmbojiom "X)" ) • 

B 3T0M ypaBHeHHH 4)opMa 



102 



92 



MOJKeT MeHflTbCfl B npocTpaHCTBe, HO OHa He co^epjKHT W^' H jiOKajibHO ^eiicTByeT 
KaK Macca, T.e. ne nosBOJiaeT ^acTHijaM SToro nojia bgcth ce6fl noflo6HO 6e3MaccoBbiM 
^acTHiiaM. 

IlyCTb 

def 

a = arctan ^ , 
( W^' cos a - sin a) , 
'^^^ (S^ cos a + VF?' sin a) . 



B 3T0M cjiyHae: 



Y.,, 9iy,i^d^d<yW°' = cosa • Y.v9v,yC>ydvZ^ + sina • X^i/ ff^^.t'^^'^'^i'^/^- 



^gv.vdvd^A^, = 0, 



TO 

mw 



mz 



cos a 



mvi^ H3 II151|I . 3to no^TH KaK b CTaH^apTHoii Mo^ejiH. 



5.6 IlOBOpOTbl fleKapTOBOH CHCTeMbI KOOp^HHaT H KBappKH 

IlycTb a - Bem,ecTBeHHoe hhcjio, h 



x\ xi COS (a) — X2 sin (a) 
x'2 Xi sin (a) + X2 cos (a) 

, def 

x^ = 0:3. 



(152) 



CjieflOBaTejibHO ^Jia jiio6oh 4)yHKLi;HH 
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d[ip = {diip • cos a — d2ip ■ sin a) ; 
d'2Lp — {82^ ■ cos a + diip ■ sin a) ; 



Tax KHK ]a - 3-BeKTop, to h3 



A,! = COS (a) - sin (a)) ^; 

Ja,2 = (/3''' sin (a) + cos (a)) ^; 



Cjie;i,OBaTejibHO, ecjiH pjia ^' : 



LP = {7i,2 (a) 



TO 



H3 ljllfl|l : Tax KaK 



C/i% («)/3Wc/i,2(a) 
C^i,2 («)/3''lC/i.2(a) 
C/i% (a)/3[^lC/i.2(a) 



cosa-/?!^] sin a 
= (P^^ cosa + /jt^l sin a 



PA = (/^V = "^'V, 

TO 

^1,2 (a) f^i,2 («) = I4. 

EcjiH 
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" 1 

COS - • I4 



U1.2 (a) 

TO Ui,2 (a) no^jT^HHsieTCfl BceM 3thm ycjiOBHHM f ljl55|l . Ijl56|l l. Bojiee Toro: 



(157) 



IlycTb i?;' - pesyjibTaT saMenbi (3^'''^ na Z?''"!' = t// 2 (a) t^i, 2 (a) h 9a: - na 9[. = ^fr 



B ff/ 



Hs inni, cssii, 1119 H (HSU: 



/ ^[1]/^ 9i +i(e'iCOs(a) + e'2sin(a)) + 
{ +i(Ticos(a) + T'2sin(a))7[5l 
, ^[2] / ^2 + i (-e'l sin (a) + COS (a)) + \ 
+i(-Tisin(a)+i'2Cos(a))7[5l ) 

(93+16^ + 1^7'") + 



CjieflOBaTejibHO, ecjin 



e;, = eo, 

= 9i cos (a) — 62 sin (a) . 
82 = 8i sin (a) + 69 cos (a) . 
6!, = 63, 



H TaKaa >Ke (J)opMyjia ^jjia (Tq, Ti, T2, T3), to i?;' = Hi npn noBopoTax ^eKapTOBOH 
CHCTeMbi Ijl52|l . 

Ho: 



?7[2 (a) ??['lC/i.2 (a) = cosa + C^'' 



cos a — rj^^^ sin a; 



sma; 



Ul 2 (a) C''l f/i,2 (a) = C''l cos a - r,^^^ sm a: 

•f2l 



[1] 



cos a 



(158) 
(159) 
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[/[2(a)r?[3lC/i,2 (a) =77131; 



f^i 2 ('^) 7c C^i,2 (<^) = Tr cos a — 7,, sin a; 
f^i,2 (") 7!) 'c^i,2 (a) = 7r, cosa + 7^"' sin a; 

t^LH7rc/i,2(«)=7^°'; 



(160) 



sin a; 

C// 2 (a) r;W [/i,2 (a) = cos a - Ct'*' sin a: 



(161) 



H 



cos a + sin a; 
(a) 6'[^1 J7i,2 (a) = ^[^l cos a — sin a; 
C/j2(a)0[3lf/i,2(a) 



CjieflOBaTejibHO h3 (I158II , (I159II , (|16()|l , (|161|l : 

H nepeMeniHBaeTCfl c H (77) npn TaxoM noBopoTe. ^Jia ^pyrnx noBopoTOB 
fleKapTOBoii cncTeMbi: jienTOHHbie raMnjibTOHHanbi npeo6pa3yiOTca b jienTOHHbie, a 
iIBeTHbie nepeMeniHBaiOTCfl MejK^y co6oh. 

nosTOMy iiBeTHaa TpoiiKa sjieMenTOB ne MOJKeT 6biTb pasflejiena b npocTpaHCTBe. 

9th HaCTHn,bI flOJIJKHbl 6bITb JI0KajIH30BaHbI B O^HOM H TOM JKB MBCTe (K0H(J)aHHMeHT?) . 

KajK^aa iiBeTHaa nenTa^ja co^epjKHT no ;i,Ba MaccoBbix sjieneHTa. Cjie^OBaTejibHO, 
KayKflpe ceMeiicTBO co^iepjKHT ^Ba copTa n^BeTHbix HacTHu, Tpex n,BeT0B. 51 nasbiBaio sth 
^acTHiibi KeappKUMU. 

5.7 BKycoBbie neHTa^bi 

51 HasbiBaro 4x4 MaTpHn,bi Tnna 



O2 



V 




V 



02 
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- 2-aiiTHflHaroiiajTbiii.iMH. 

TaKHM o6pa30M, B JienTOHHHOM ypaBHeHHH ^BHJKeHHa TpH 2-^HarOHajIbHbIX 

sjieMeHTa jierKofl neHTa^bi onpe^ejiHeT 3-MepHoe npocTpancTBO co6biTHfl, a ^Ba 
2-aHTHflHaroHajibHbix sjieneHTa o6pa3yiOT 2-MepHoe npocTpancTBO 3JieKTpocjia6bix 
B3aHM07;eHCTBHii. AnajiornHHO fljifl iiBeTHbix nenTa^. 

/],jifl cjia^iKoii neHTa^bi BexTop jiOKajibHoii CKopocTH HMeeT cjie^iyiomHe KOMnoneHTbi: 
pu§^ =^ ^^A^\=- cos (2.q), 



pnf 1i/^tAW^ = -sin (2. a) • 



pnf 1i/<ptAPl^ = -sin (2- a) ■ 



pwr'= ^^A''V = -sin (2- a)- 



cos l^Pj ■ sin (x^ cos ^7 — 
h sin ■ cos (x^ cos (j) - a) 



f3j ■ sin ^x) sin ^7 - vj 

+ sin ( ^ ) • cos (x) sin (9 - X 



cos • cos (^x) cos (7 - xj 
— sin (p\ ■ sin ^X^ cos ^6* — 



puf ':i/(^tA[4]<^ = _sin (2- a) 



- cos f ,9 j • cos ^X^ sin ^7 - 

— sin ( /3 j • sin ^X^ sin (j) — 



CjieflOBaTejibHO, s^ecb 2-aHTHflHoroHajibHbie MaTpHLi;bi A'^' h A'^' onpeflejiaiOT 2- 
Mepnoe npocTpancTBO (u", w^), b KOTopoM ^eflcTByeT npeo6pa30BaHHe HSOcnHna. 
2-aHTHflHaroHajibiibie MaTpnubi A'''^ h A'**' onpeTiejiaiOT laKoe JKe npocTpaiiCTBO 
(U3-, U4-). 3Ta neHTa^ia co^jepjKHT e^HHCTBeHHyio 2-flHaroHajibHyio MaTpHn,y, 
onpeflejiHiomyio l-Mepnoe npocTpancTBO (u^) fljin pasMemennfl co6biTHfl. 

noflo6HO cjiaflKofl neHTa^e ropbKaa nenTa^a c HeTbipbMJi 2-aHTHflHaroHajibHbiMH 
MaTpHri;aMH h c e^iHiiCTBCiiiiofi 2-;];HaroiiajibiiOH MaTpmieii onpe^jejiaeT ^Ba 2-McpHbix 
npocTpancTBa fljia nsocnnHOBbix npeoSpasoBanHii h oflHO l-Mepnoe npocTpancTBO fljia 
pasMemeHHfl co6biTHfl. 



107 



5.8 JX^a co6biTHa 



IlyCTb 



d^x / d^y-p it, X, y) ""^^ P (v4i it, D^) hA^ {t, D^)) 

Di J D2 



CymecTByKDT KOMnjieKCHbie (jayHKiiHH 'Psi,s2 (^i y) (^fc G {li 2, 3, 4}), ^jia KOTopbix: 



p(i,x, y)=4^ ^ (i,x,y). 



Sl = l S2 = l 



EcjiH 



*(i,x,y) 



= EUi ^s„s2 {t, X, y) (^t^ (x) (y) - V4 (y) ^1. (x)) $0 ' 



TO 



*t (t,x,y)*(<,x,y) = 
4 Ef,=i Et=i {t, x', y') {t, X, y) . J (x - x') <5 (y - y') . 



noAo6HO lfTT2|l : CHCTeMa C HeilSBeCTHblMH KOMIIJieKCHblMH (|)yHKLi;HflMH Qs-i^ki' 



'S2,fe2 ' ^Sl,fei;S2,/C2 ■ 



(2) 



Efci = l Efe2 = l Qiuki;S2,k2 Vki.h 



dtVsi,S2 Er=l (E/ci = 1 P\},kl Sx^'^^i^S2 + Efc2 = l ^82', 



fe2 dyr'^^'^-^^^ I ' 



r,(i.2)» 

^fel,Si;S2,/C2 

q(1,2)* 

^Sl,fci;fc2,S2 



. 

)(2) . 

' S2,fc2 ' 

l(l,2) 

' Si,fci -,32, k2 ' 
0(1:2) 

''Sl,/ci;S2,fc2 



HMeeT pemeHHfl. 
et cetera... 
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5.9 Pa3MepHOCTi> (JjHSHiecKoro npocTpancTBa 

Tenepb nycTb pasMepnocTb npocTpancTBa co6faiTHii /i - jiio6oe naTypajiBHoe ^hcjio, 
Heo6fl3aTejibHO pasHoe 3. 

Ilo (21] : flJiH KajKfloro naTypajibHoro ^^HCJIa z cymecTByeT KjiH^xjaop^OBO MHoacecTBO 
panra 2^. 

^jifl KajK^oro BeKTopa njiOTHOCTH BepoflTHOCTH (p (t, x) , j (i, x)) HaTypajibHoe hhcjio 
s, kjih4)(J)Op;iobo MHOJKecTBO K panra s h KOMnjieKCHbiii s-BexTop V x) cymecTByiOT, 
fljia KOTOpbix: 7„ S X H 

V(i,x)^ V(<,x) =p(i,x), (162) 

V (t, x)^ 7„ V (i, x) = j„ (i, x) . (163) 
B 3T0M cjiyHae V (i, x) nasbiBaeTCfl s-cnunopoM fljia {p it, x) , j it, x)). 

IlyCTb Pc(i, x|to, Xo) - njIOTHOCTb yCJIOBHOii BepoflTHOCTH C06bITHfl y4(t,x) HO 

coSbiTHK) i3(io,xo) B /i + 1 HpocTpancTBe-BpeMeHH. H ecjiH 

Pc(t, x|to, xo) = g{t, x|io, xo)p(i, x), 
TO (jjyHKiiHfl (7(i, x|io, xq) ecTb (jjyHKijHfl BsaHMOfleiicTBHfl ^jia >1 h i? b /Lt + 1- 

HpOCTpaHCTBe-BpeMGHH. 

IlyCTb H V - S-CnHHOpbl, ^Jlfl KOTOpblX: p — V H Pc = ^I'^c- 

EcjiH Ha 3THX cnHHopax OHpe^ejieHO npoHSBe^eHne o Tax, hto ^jia KajK^oro h 
V cymecTByeT ajieneHT g 3Toii ajire6pbi, ^jia KOToporo: = o h VgVg = .g, 
TO MHOJKecTBO 9THX coHHopoB o6pa3yeT HopMnpoBanHyio ajire6py c flejienneM. 

PasMepHOCTb TaKoii ajire6pbi no TeopeMe FypBHiia (KajK^aa HopMnpoBaHnafl 
ajire6pa c e^HHHiieii H30Mop(J)Ha o^Hoii h3 cjie^yiomnx: ajire6pa BemecTBeHHbix ^Hceji 
R, ajire6pa KOMnjieKCHbix ^Hceji C, ajire6pa KBaTepHHOHOB K , hjih ajire6pa OKTaB O) 
H no o6o6iri;eHHOH Teopene 'I>po6eHHyca [Qj (Ajire6pa c ^ejieHHeM HMeeT pasMepnocTb 
TOJibKO 1,2,4 HJIH 8) He 6ojibme, Hen 8. 

B 3T0M cjiyHae pa3Mep MaTpnH, KJiHcJwjsopflOBa MHOJKecTBa ne 6ojiee, ^eM 4 x 

4 (MaTpHIIbl STOrO MHOJKeCTBa KOMHJieKCHbie) . TaKOe KJIHcJxjaOp^OBO MHOJKeCTBO 

co^epjKHT He 6ojiee, Hen 5 sjieMenTOB. /^HaronajibHbie sjieMenTbi stoh nenTa^bi 
OHpe^ejifliOT HpocTpancTBO co6biTHii. PasMepnocTb SToro npocTpancTBa ne 6ojibme 
3. CjieflOBaTejibHO, b 3tom cjiynae mm HMeeM 3+1 npocTpancTBO-BpeMfl. 

EcjiH > 3, TO fljifl KajK^ioii Taxoii ajire6pbi cymecTByeT 4)yHKLi,Hfl B3aHMo;i,eHCTBHfl, 
ne npHHa^jiejKamafl stoh ajire6pe. 51 Ha3biBaK) Taxne B3aHMOfleHCTBHfl ceepxecmecm- 

eCHHUMU flJIfl STOii ajire6pbl B3aHM0^eHCTBHflMH. 
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5.10 HHTepnpeTaij;H5i KBaHTOBoii TeopHH co6biTHHMH 

S^ecb fl npoflOJiJKaK) pasBHsaTb H^ero HHTepnpeTaiiHH KBaHTOBoii TeopHH co6biTHflMH 

m-- 

KaK MM BHflejiH, noHaTHa h yTBepjKfleHHa KBaHTOBoii TeopHH npeflCTaBjiaiOT 
noHaTHa h yTBepjK^ieHHa o BepoaTHOCTax TO^eHHbix co6biTHH h hx aHcaM6jieH. 

XloBe^eHHe (jsHSH^ecKoii sjieMeHTapHoii HacTHiibi b BaxyyMe ho^oGho noBe^eHHio 
9THX BepoaTHOCTeii. B flByx-mejieBOM SKcnepHMenTe j28j ecjiH b Baxyyne meynpj 
HCTO^HHKOM 4)H3HHecKOH HacTHi];bi H fleTeKTHpyioinHM SKpaHOM HOMemaeTca nepero- 
po^IKa c ^ByMa m,ejiaMH, to Ha6jiK)^aeTca HHTepcjaepeniiHa BepoaTHOCTeii. Ho ecjiH STy 
CHCTeMy HOMecTHTb B KaMepy BHJibcOHa, TO HacTHija 6y^eT HMeTb acnyio TpaeKTopnio, 
o6o3HaHeHHyio xanjiaMH KOH^iencaTa, h Bcaxaa HHTep4)epeHn,Ha HCHesneT. 9to no;io6HO 
TOMy, HTO 4)H3HHecKaa HacTHiia cymecTByeT tojibko b tot MonenT Kor^a c neio 
cjiyHaeTca KaKoe-HH6yflb co6biTHe. B ocTajibHbie Bpenena ^acTHiibi neT, a ecTb TOJibKO 
BepoaTHOCTb Toro, HTO c Hero ^T0-HH6y^b cjiy^HTca. 

CjieflOBaTejibHO, ecjiH MejK^y co6biTHeM pojK^eHHa h co6biTHeM ^eTeKTHpoBanna 
c HacTHiieii ne cjiy^aeTca HHKaKHx co6biTHH, to noBe^eHne HacTHiibi - sto noBe^eHHe 
BepoaTHOCTH MejKfly tohkoh pojK^eHHa h to^koh ^eTeKTHpoBaHHa; npn stom Ha6jiio- 
^laeTca HHTep4)epeHn,Ha. Ho b xanepe BnjibcOHa, r^e axTbi HOHH3an,HH o6pa3yroT hohth 
HenpepbiBHyro jinnnro, ^acTHija HMeeT acnyro TpaeKTopnro h HHKaKoii HHTep4)epeHLi,HH. 
9Ta ^acTHija ^BHJKeTca noTOMy, hto Taxaa jiHHHa ne a6cojiroTHO HenpepbiBHa. 
KajKflaa TOHxa H0HH3ai];HH HMeeT coce^nioio noHHsaiiHOHHyro TOHKy, h MejK^y sthmh 
TOHKaMH HHKaKHx co6biTHH c ^acTHijeH He npoHcxoflHT. CjieflOBaTejibHO, (i)H3H^ecKaa 
^acTHiia flBHJKeTca noTOMy, ^^to cooTBeTCTByiomaa BepoaTHOCTb pacnpocTpanaeTca b 
npocTpancTBe MejK^y sthmh TO^xaMH. 

CjieflOBaTejibHO, nacTHiia ecTb aHcaM6jib co6biTHH, CBa3aHHbix BepoaTHOCTaMH. A 
sapRffbi, Maccbi, HMHyjibCbi, cpe^nee ^hcjio HacTHu; b KOH^encaTe h t.h. Hpe^CTaBjiaroT 
CTaTHCTH^ecKHe napaMeTpbi bojih sthx BepoaTHOCTeii, pacHpocTpanaroinHxca b npocT- 
pancTBe-BpeMeHH. 3to o6'bacHaeT Bce napa^OKCbi KBanTOBoii 4)h3hkh. 

6 3aKjiioHeHHe 

1. OcHOBHbie CBoiicTBa BpeMenn - oflnoMepnocTb h Heo6paTHMOCTb -, MeTpn^ecKne 

CBOiiCTBa npOCTpanCTBa H HpHHH,HHbI TeopHH OTHOCHTejIbHOCTH BblBOflaTCa H3 jiorH^e- 

CKHx CBoiicTB MHOJKecTBa peKop^epoB. TaKHM o6pa30M, ecjiH y Bac ecTb KaKoe-HH6yflb 
MHOJKecTBO o6T)eKTOB, HMeroniHx flejio c HH4)opMau,HeH, TO "BpeMa" h "npocTpancTBo" 
HeH36ejKHbi Ha stom MHOJKecTBe. H ne HMeeT sna^enna, BRjiiOHeno jih 9to MHOJKecTBO b 
nam MHp hjih b KaKHe-jiH6o ^pyrne MHpbi, ne HMeromne H3HaHajibH0 HpocTpancTBeHHO- 
BpeMeHHoii CTpyxTypbi. CjieflOBaTejibHO, HpocTpancTBeHHO- BpeMennaa CTpyxTypa 
ecTb cjie^CTBHe jiorn^ecKHx cbohctb HH4)opMaH,HH. 

2. BepoaTHOCTb Hpe^CTaBjiacT o6o6iri;eHHe KjiaccHnecKoii HpoH03HLi;HOHajibHOH 
jiorHKH. BepoaTOCTb ecTb jiornxa eme ne HpoH3omeflmHx co6biTHH. 
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3. Mbi caMH Bbi6HpaeM BbipaaceHHe BepoHTHOCTH b (JjopMe ljllfl|l . Mm caMH 
BBOflHM onepaTopbi pojKfleHHfl h onepaTopbi yHHi^TOJKeHHfl BepoflTHOCTH coGmthh. Mm 
caMH flo6aBJifleM ^Be KBasHnpocTpaHCTBenHbie KOop^iHHaTM k HaniHM Tpen, etc. To 
ecTb MM KOHCTpynpyeM jiorHHecKyio CTpyKTypy, b KOTopoii ^acTHLi,bi, aHTHHacTHiibi h 
KajiH6poBOHHbie 6o30Hbi HeH36ejKHbi. KaKOB Bonpoc - TaxoB OTBeT. 

TaKHM o6pa30M mm caMH ycTanaBJiHBaeM npaBHJia o6pa6oTKH BepoflTHOCTHOH 
HH(J)opMaLi,HH B 4)opMe saKOHOB KBaHTOBOH TeopHH. A 3HaHeHHfl oapaMeTpoB SaBHCaT 
OT CTpyKTypbi HaniHx npH6opoB. 

IIoxojKe na to, hto HpHpofla ^aeT naM tojibko BepoHTHOCTH co6mthh. A 3aK0HM 
(J)H3HKH, onepHpyiomHe sthmh BepoflTHOCTHMH, flBjifliOTCfl pesyjibTaTOM cbohctb 
KOHCTpyKiiHH HaniHx npH6opoB h jiorHHecKoro noBe^enHa namero fl3biKa. Ecjih r^e- 
HH6yflb ^eiicTByiOT ^pyrne MeTOflM nojiy^enHfl h o6pa6oTKH HHcjaopMaiiHH, to TaM 
(|)H3HHecKHe saKOHM 6y;iyT HMeTb ffpyryK) (jaopMy. IIosTOMy KBaHTOBaa Teopna 
npe^CTaBJifleT o^hh h3 bosmojkhmx cnoco6oB o6pa6oTKH BepoflTHOCTHoii HHcjaopMaiiHH. 



TaKHM o6pa30M, ochobhmmh cymnocTflMH ynHBepcyMa flBjiaiOTCfl ne HacTHiiM h 
HOJifl, a jiorH^ecKHe co6biTHfl h jiorn^ecKHe BepoHTHOCTH. YnHBepcyM - t. e. BpeMH, 
npocTpancTBO h Bce hx co^iepjKHMoe - npe^CTaBJiaeT npoHSBO^jnoe h3 stoh jiophkh. 

HH(J)opMaLi,HOHHafl CHCTeMa jiro^ieii c hx HpH6opaMH, b KOHe^^HOM chbtb o6pa30BaH- 
Haa coHHopaMH h KJincjjcjjop^iOBMMH MaTpHn,aMH, OKasajiacb nacTOJibKO CHJibHoii, hto 
H03B0JiaeT Hsy^aTb ce6a cbohmh jkb cpe^iCTBaMH. Cym,ecTByeT jih ^ipyraa HH(|)opMaLi,H- 
OHHaa CTpyKTypa, cpaBHHMafl ho TeopeTHHecKoii CHJie c SToii? 
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